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These are the notes for the course M1-Topologie Algébrique, Master en Math-
ématiques at the Sorbonne University (2022-2023).

The lectures will follow closely the notes by Ilia Itenberg (in french).

The present notes are intended as complementary study material, written in english.
If you are an ERASMUS student, feel free to ask me for other studying materials in
english.

If you have any comments, suggestions, questions, corrections, please write to me:
marco.robalo at sorbonne-universite.fr

All the exercises (TD) are available in the links below (in french) but the most im-
portant are also incorporated in the text, in english.

e Feuille 1
e Feuille 2
e Feuille 3
e Feuille 4
e Feuille 5

There is no claim of original content in this notes (except the mistakes!). These
notes are essentially a compilation of materials from the following references:

e Main reference: Le Polycopie d’Ilia Itenberg (in french)
e Michele Audin - Notes revétements et groupe fondamental.

e Notes by Pierre Schapira, General Topology and Algebra and Topology,
Chapter 7

e Munkres, Topology (2nd edition)

e Emily Riehl, Categories in Context - Chapters 1 to 4 and these notes.
e Hatcher, Algebraic Topology, Chapters 0 and 1.

e P. May, A concise course in algebraic topology - Chapters 1 to 3

e Analysis Situs

e R. Brown, Topology and Groupoids, Chapter 10

e T. Szamuely Galois groups and fundamental groups - Chapter 2


https://webusers.imj-prg.fr/~ilia.itenberg/enseignement/topologie_algebrique.pdf
https://dropsu.sorbonne-universite.fr/s/mF4nsWtcXELgnRq
https://dropsu.sorbonne-universite.fr/s/FtXaKF4DLtkgmqk
https://dropsu.sorbonne-universite.fr/s/ZprtR42kELWkexK
https://dropsu.sorbonne-universite.fr/s/N9JHJK4AnTAWN4A
https://dropsu.sorbonne-universite.fr/s/9SQtia69ZFKJ4XE
https://webusers.imj-prg.fr/~ilia.itenberg/enseignement/topologie_algebrique.pdf
https://www.math.univ-toulouse.fr/~gavrilov/enseignement/TopoAlg/courstopalgMAudin.pdf
https://webusers.imj-prg.fr/~pierre.schapira/LectNotes/Topo.pdf
https://webusers.imj-prg.fr/~pierre.schapira/LectNotes/AlTo.pdf
https://webusers.imj-prg.fr/~pierre.schapira/LectNotes/AlTo.pdf
https://math.jhu.edu/~eriehl/context.pdf
https://math.jhu.edu/~eriehl/161/topologies.pdf
https://pi.math.cornell.edu/~hatcher/AT/AT+.pdf
https://www.math.uchicago.edu/~may/CONCISE/ConciseRevised.pdf
https://analysis-situs.math.cnrs.fr/-Groupe-fondamental-.html
https://groupoids.org.uk/pdffiles/topgrpds-e.pdf
https://www.cambridge.org/core/books/galois-groups-and-fundamental-groups/2511B1C10ACF174A0F444A045D9C1F89
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CHAPTER 1

Introduction

In today’s lecture we will make some experiments.

I.1. World’s with different shapes

Exercice 1.1.1. Click on the picture and play this snake game trying to cross the
walls

Is the planet where the snake game takes place, a sphere like our planet?
Solution I.1.2. Check the solution here.
Remark I.1.3. Many video games take place in a doughnut-like planet but you

will miss this if you are not topology-aware. Here is another example from Chrono
Trigger.

Exercice I.1.4. What is the shape of the planet where the first level of Pacman
takes place?


https://officesnake.com
https://en.wikipedia.org/wiki/Torus#/media/File:Torus_from_rectangle.gif
https://en.wikipedia.org/wiki/Chrono_Trigger
https://en.wikipedia.org/wiki/Chrono_Trigger
https://imgur.com/a/fUD7n
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Exercice 1.1.5. Try to describe the shape of the planet where the next snake game
takes place:

Exercice I.1.6. Imagine now that the snake game takes place in the region delimited
in the picture below where if you cross a border of a given color, you re-appear in
the other border of the same color, exactly as in the world of the original snake
game. What is the shape of the snake planet this time?



https://pacman.cc
https://ubavic.rs/snake/snake.html
https://www.youtube.com/watch?v=G1yyfPShgqw
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Question I.1.7. In both cases of Exercice I.1.1, Exercice I.1.5 and Exercice 1.1.6,
how can the snake itself detect/measure the shape of the world it lives in without
any references to the outside world? In this course we will learn some algebraic tools
to make this possible.

Exercice 1.1.8. Consider the double-pendulum as in the following video:

N\~

It has two degrees of freedom: the angle o around the vertical axis of the first
arm and the angle /7 of the second arm around the main arm. The position of the
pendulum is therefore given by two angles («, 7). What is the shape of the space of
all positions?

Solution I.1.9. This is yet another presentation of the torus. Indeed, there is a
whole circle of possibilities for the first angle a. In topology we usually denote the
circle of radius 1 by S'. At each choice of angle o, we then have a second whole
circle of possibilities, corresponding to the angle 5. It follows that the collection
of all pairs (a, 3) is an element in the product space S' x S'. We will define the
product topology in the next lecture. Here’s a picture of the situation: the larger
circle represents the choice of the angle o and for every such choice, we have a
smaller circle, corresponding to the choice of 3:
SIS
T4

At the end of the second week you should be able to show that the presentation
of the torus as a result of gluing the sides of a square as in the Exercice 1.1.1 is
equivalent to the product topological space S! x S!.


https://www.youtube.com/watch?v=U39RMUzCjiU
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I.2. Strings,Words and Labyrinths

Exercice 1.2.1 (This puzzle and the pictures are taken from this book which is
highly recommended!). Imagine you have picture frame hung by one string. Nailed
to the wall are two pins. How can you wrap the string around the two nails (figure
below) such that the picture does not fall, but as soon as either of the nails are
removed the picture will fall? (as an extension, what about a situation with N =
100 pins, where the frame is hung but will again fall as soon as you remove any one
of the nails?)

/@7@k

Solution I.2.2. The solution to this puzzle is somehow the universal example of
how we will use algebra to solve problems in topology. Here’s what we can do. Con-
sider the first nail. If we wrap the string around it clockwise, we denote it with the
letter a. If we wrap it counter-clockwise, we denote it by a~!. For the second nail
we use the letter b and b=!. Now, the different ways to wrap the string around the
two nails will correspond to words written in the alphabet a, a=!, b and b~'. But
there is more to it: if we wrap the string around the first nail clockwise (ie, if we
write a) and then wrap it again counter-clockwise, (ie, a=1), the net result is that
we didn’t wrap anything at all! Ie, the word a~'a is identified with the empty word
which we will simply denote as (). The same goes for the words aa™t, bb=! and b=1b.

Notice that the operation of making consecutive wraps around the nails corresponds
to the operation of concatenating words in the alphabet {a,b, b= a}.

Let us write m :=< a,b > for the free group generated by the symbols a and b. By
definition this is exactly the set of all words written using the alphabet {a,b, b~ a=1}
with the relations a la = aa™! = bb~! = b=b = (). The group operation is given by
concatenation of words. For instance, the word

(1) a ‘b tab

is an element of 7 and corresponds to start by wrapping the string clockwise around
the second nail, then clockwise around the first nail, then counter-clockwise around
the second, and finally counter-clockwise around the first. By convention we read
the word from the left to the right. Here’s a picture of this situation:


https://www.physics.harvard.edu/news/new-book-prof-cumrun-vafa
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e\ ®

Let us now suppose that we take away the second nail. In this case all instances of
b and b~! will disappear. For instance, the previous word becomes

a ta

But this is the empty word and therefore, corresponds to wrapping and un-wrapping

and therefore to doing nothing. In this case, this means that if we take away the
second nail, the picture frame will fall.

Here’s another example. Consider the word

aaba™?

and again take away the second nail. This eliminates all the b’s from the words, and
we get simply the word

aaa ' =a

This means that the picture frame will still hold since there is a wrapping that
survives. It is easy now to understand the general mechanism: the frame will hold
every time there is at least one wrapping around the first nail that survives.

Remark I.2.3. Notice that the group 7 introduced in the Solution I.2.2 is not
abelian. Indeed, in a abelian group, we should always have the relation

ab = ba
Or equivalently,

0=b"'ta"ba

The fact that the word (1) in the Solution I.2.2 is not the empty word means that
the group 7 is definitively non-abelian.

Definition 1.2.4. Let (G, o,¢) be a group with operation o and unit element e. For
elements g,h € G, the element [g,h] := ghg~'h™! is called the commutator of g
and h. An element of G of the form [g, h] is called a commutator. We denote by
|G, G] C G the smallest subgroup of G containing all commutators.
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Remark 1.2.5. [G,G] C G is a normal subgroup. Indeed, assume that ¢ € |G, G]
and let ¢ € G. We want to show that gcg™' is again in [G,G]. But gecg~'c™! is a
commutator, so it must belong to [G, G]. Since ¢ is a commutator, and [G,G] is a
subgroup, it is close for the group operation, and therefore (gcg~'c™!).c must also
belong to [G, G]. But (geg™tc™).c = g.c.g™t.

It follows that the quotient G/[G, G] is a group.

Proposition 1.2.6. The quotient group G® := G/|G,G] is abelian. Moreover, it is
the universal abelian group built out of G, in the sense that if f : G — H is a group

homomorphism, with H abelian, then f factors canonically in a unique way through
Gab..

Gab

PROOF. We start by showing that the quotient G* := G/[G,G] is an abelian
group. Let us denote by [g] the image of ¢ € G in the quotient. We must show
that [g].[h] = [h].[g] for every g, h in G. In other words, that [ghg™*h™!] = 0 in the
quotient. But this is precisely the quotient relation.

Now suppose that f: G — H is a group homomorphism with H abelian. It follows
the commutator group of H, [H, H] = {0} is the trivial subgroup and therefore H ~
H. By definition of group homomorphism, f must send commutator subgroups to
commutator subgroups and therefore descend to the quotients

G%H

Gab __ 3 Hab
0

Definition I.2.7. The group G of the Proposition I.2.6 is called the abelianization
of G

Example 1.2.8. The abelianization of the group 7 of the Solution 1.2.2 is the free
abelian group with two generators a and b, ie

7 =aZ®bZ

For instance, the wrapping corresponding to a word such as ababbaa™! € 7 is sent
to the element 2a + 3b, obtained simply by counting the occurrences of each symbol
and canceling everytime we have inverses. In conclusion, the frame will hold if after
eliminating the second nail, the coefficient attached to a in 7% is non-zero.
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Exercice 1.2.9. Considering wrapping the frame following the prescription
ababa~'ba"ta?

What happens when we take away the second pin?

Here is another example of how to turn a topological problem into an algebraic one:

Exercise 1.2.10. [The Infinite Labyrinth]|
Watch this video (in french).

ENTREE

ENTREE

P bl ) osum

and draw the shape of the labyrinth corresponding to the subgroup < rr,bb,rb >
(with the the notations used in the video).

Remark 1.2.11. Notice that in the Exercise 1.2.10, the group associated to the
simplest labyrinth ( the double loop)

is the free group generated by the two symbols r and b. It is exactly the same group
(up to isomorphism) as the group 7 from the Solution I.2.2. In this case what the
video suggests is some form of correspondence

{subgroups of 7} <+ { shapes of the labyrinth "covering" the double loop}

The video illustrates an example of how this correspondence works in the example

<rbbbrb™ > ——


https://www.youtube.com/watch?v=4GIE0UCNI-c
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However, this example has a particularly nice feature that hides the real form of
the correspondence: in this example we don’t see how the subgroup we get depends
on the choice of the room we use as reference. This is because this is a normal
subgroup! Here’s an example where this dependency shows up:

4
(3) b a (4) b a
b a b a
(a®, b® aba ', bab™") (a,b% ba*b™" baba'b™")

(Picture taken from Hatcher’s book)

These two examples differ by the choice of the reference room. The two subgroups
we get differ by conjugation with the path b connecting the two different rooms.
Indeed, write

H, =< d? b* aba™!, bab™ > Hy =< a,b* ba*b™!, baba "' >
and notice that b.H;.b~! = Hy (check this on the generators!).

In fact, the real content of the correspondence is of the form

{Conjugacy classes of subgroups of 7} <> { Labyrinths "covering" the double loop}

The last main theorem in this course (Theorem VI.4.14) is a generalization of this
example, replacing the simplest double loop labyrinth by any space X, the group 7
by the so-called fundamental group of the space X and the different possible shapes
of the labyrinth covering the double loop by the different covering spaces of X.

Example 1.2.12. Let us try to repeat the Exercise 1.2.10 this time with a simpler
labyrinth, namely, a room where there is simply an entrance door and an exit door.

SORTIE ENTREE

The simplest possibility is that everytime we go out through the red door with come
in through the blue door. In this case, the labyrinth is a single circle


https://pi.math.cornell.edu/~hatcher/AT/AT+.pdf
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The first main theorem in these lectures (Theorem V.2.2) is that the group =
associated to this labyrinth is the free group with one generator a corresponding to
going around the loop one time clockwise, ie

T~ (Z,+)
determined by

a"—n
In this case we can start imagining the other possible shapes of the labyrinth and
match them with subgroups of 7 ~ Z as we did in Exercise 1.2.10:

e There are two different rooms and taking the red door takes us to the blue
door of the second room and taking the red door in the second room takes
us back to the blue door in the first:

e There are three different rooms and the last one brings us back to the first

® .- -
e There are n different rooms and the last one brings us back to the first.

e Every room is a different room. We never come back to the starting one.
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——

2 1 0 1 2

In terms of subgroups, these correspond exactly to the different subgroups given by
multiples of n, for each n

nZ:={a€Z:nla}y CZ

The case with infinitely many rooms corresponds to the trivial subgroup {0}



CHAPTER II

Quick review of general topology

II.1. Topological Spaces

Goal I1.1.1. Our goal in this chapter is to define a useful notion of topological space
accommodating the questions and examples of the first lecture. By the end of this
chapter we will have precise definitions for the whole zoo: the circle, sphere, torus,
square, gluings, quotient, product space, loops, paths, topological equivalence, etc.

Warning I1.1.2. This first chapter covers more materials than the lectures. You
should use it as a complement for both the main course and the exercise sessions.

In lack of a better strategy, a topological space will be defined as a set with extra
structure. The purpose of this extra structure is to give us a way of saying that two
points/elements of the set are close to each other. We will do this in a somehow
minimalist way, avoiding to talk about distances. In this sense, we will be authorized
to talk about open subsets - which we think of as regions of the set. We control how
the points are close or far to each other, by looking at the open subsets they share
in common.

Notation I1.1.3. Let X be a set. We denote by P(X) the set of all subsets of X.

Definition I1.1.4. Let X be a set. A topology on X is a collection 7 of subsets of
X, ie, 7 € P(X), satisfying the following properties:

e Both the empty subset ) and X belong to 7;

e For any family of subsets belonging to 7, their union belongs to 7;

e For any finite family of subsets belonging to 7, their intersection belongs
toT

In this case we call the pair (X, 7) a topological space.
As an abuse of notation, and whenever it is clear, we will simply write X to denote
a topological space (X, T)

Terminology I1.1.5. The elements of 7 are called open subsets and their comple-

ments closed subsets. The elements of X are called points. If x € X and U is an
open subset containing x we call U an open neighborhood of .

11
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Exercice II.1.6. Translate the three properties of open sets into properties of
closed subsets: closure under finite unions and arbitrary intersections.

Example II.1.7.

(i)

(iii)

Let X = {0,1} be a set with two elements. Then the collection of subsets
7 := {{0}, X, 0} forms a topology on X. Indeed,

O({or=0er, OlJ{0}={0}er, X[{0}={0}er
X Joy=Xxer

In this topology we cannot isolate the element 0 from the element 1 by
open subsets: every open subset that contains 1 also contains 0.

The set of real numbers R with topology where the open sets are unions of
open intervals, ie, intervals of the form Ja,b] with a < b, a,b € R. Let us
check the axioms: first R and () are both open by definition. Secondly, since
open subsets are by definition arbitrary unions of open intervals, they are
stable under unions. Let us now observe that finite intersections of open
intervals are open intervals. We can see this in the simplest case of a double
intersection:

Ja, b[N]e, d[=]sup(a, ), inf(b, d)[
and proceed by induction. Assume now U = (J;]a;, b;[ and V' = [J;]e;, b
are arbitrary unions of open intervals. Then their intersection is

vV = (Jlas, b (YUles» b50)

i j
which by the distributive property of unions over intersections ), gives

= J (. il ey 051) = U Isup (s, c5), inf (b, )]
ij ij
which is again open, since it is an arbitrary union of open intervals.

We denote this topological space simply by R.

The set of real numbers R with the discrete topology, where we declare
every subset to be open. In this case, for instance, the singleton {0} is
open, something which brings us away from our standard intuition. We
denote this topological space by Rgy;sc

MANBUC) = (ANB)U(ANC). More general, this also works with infinite unions. Prove

it!
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(iv) The set of real numbers R with the trivial topology, where we declare
only two open subsets: R and (). This indeed satisfies the axioms of Defini-
tion I1.1.4 but it is so stupid that for instance we cannot isolate the points
0 and 0.001. We denote this topological space by Ry,.

(v) The set of real numbers R with the Zariski topology, where we declare a
subset to be open if its complement is finite.

(vi) The set of real numbers R with the Arrow topology, where 7 consists of R,
() and all subsets of the form ]a, +oo[ with a € R.
Exercice I1.1.8. As in previous example, define the discrete and trivial topologies

on any set X.

Exercise I1.1.9. List all the possible topologies on a set with two elements. Now
with three elements.

Exercise 11.1.10. Show that the intersection of topologies is a topology.

Proposition II.1.11. Let X be a topological space and A C X a subset. Then
A is open if and only if for every point x € A there exists an open subset U with

reUCA.

PROOF. If A is open we can take U = A. Assume now the condition. Then
for every x € A we can find U, open subset with x € U, C A. It follows that
U,ea Uz = A and A is open as a consequence of the axioms. O

Definition I1.1.12. Let (X, 7) be a topological space. We say that a subcollection
B C 7 forms a basis of the topology 7 if every element of 7 can be written as a union
of elements in .

Example I1.1.13. Open intervals of R form a basis for the topology of R.

Proposition 11.1.14. Let X be a set and let B be a collection of subsets of X
satisfying the two conditions:

(i) For each x € X, there exists at least one element B of 5 containing x;

(i1) If x belongs to the intersection of two elements By and By in (3, then there
exists a third basis element By containing x such that B3 C B[ Ba.

Then, the collection of subsets Tz defined by

TD Exo 1,
Feuille 1

TD Exo 1,
Feuille 1
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(x) U € 715 if and only if for every x € U, there exists B € [ such that
re BCU.

forms a topology with B as a basis. We call it the topology generated by 5.

PROOF. Let us start by showing that 73 forms a topology if the two conditions
(i) and (ii) are verified.

e The empty set () is in 75 because it satisfies the condition in (x) vacuously.
e X satisfies the condition in (%) because of (i) ;

e Let U; be a family of subsets of X satisfying (x). It is automatic that their
union satisfies X.

e Let U; and U, be subsets of X satisfying the condition in (x). Let z €
Uy (Us,. Since U, satisfies (%), there exists By € § with x € By C Uj.
Similarly, since U, satisfies (x), there exists By € § with x € By C Us.
Therefore € By [ By. By (ii), there exists By with © € By C B[ By C
Ui N Us. So Uy U; € 15. We can proceed by induction for finitely many
intersections.

To conclude let us show that 8 is a basis for the topology 75. Notice that since
elements of 3 satisfy the condition (x), we have 8 C 75. Since 73 is a topology, the
union of elements of 3 is in 75. Finally, given U € 75, we can choose for each x € U
an element B, € § with z € B, C U. Therefore, U = |, ., Ba. O

Construction I1.1.15. Let X be a set and [ a collection of subsets of X satisfying
only the condition (i) in Proposition I1.1.14. Let us form I(53) the collection of all
finite intersections of elements in §. Then I(/3) satisfies conditions (7) and (#7) in Pro-
position I1.1.14. Indeed, condition () is a consequence of the same assumption for 3

and condition (i7) is because we have saturated 3 to include all its finite intersections:
1f51 = BlﬂmBn and SQ = Clﬂﬂcm with Bl,"'Bn,Cl,"'Cm € B, then

sif1s:= (BB NG NC)

being a finite intersection of elements of f, is also in I(f) so we can take S3 :=
S1(1S2. Therefore the collection of subsets 77(5) forms a topology. In this case we
say that 3 is a subbasis for the topology and 77(g) is the topology generated by £3.

Exercise I1.1.16. Let X be a topological space and  a collection of subsets of
X. Then we can form the intersection of all topologies that contain f (see the
Exercise I1.1.10 above)

T8 ‘= ﬂ T

BCT,T topology
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This forms a topology without any conditions on 8. The problem of this topology
is that we do not have a useful criterium to understand what are the open subsets.
Show that when 3 satisfies the conditions of a basis, then this definition of 73
coincides with the one of the Proposition 11.1.14.

Example I1.1.17. The collection of open intervals of the form |a, +oo[ and | — oo, ]
gives a subbasis for the standard topology in R.

Proposition 11.1.18. Let X be a set and 7 and 15 topologies on X. Assume 11
18 generated by a basis B1 and o is generated by a basis Po. Assume that for every
x € X and for every By € Py containing x, there exists By € B with x € By C Bs.
Then 7 C 17.

PROOF. By definition, elements of 75 are obtained as unions of finite intersections
of elements of §5. Since 7y is a topology, to show that 7 C 7y, by the axioms, it
suffices to show that 8y C 7.

Let By € (35. Then using the assumption, we can pick for every x € B, an element
B, € 8y with x € B, C B,. Therefore, By =, B,, so B € 7.
O

Definition 11.1.19. Let (X, d) be a metric space. Then the collection [y of open
balls, ie, all subsets of the form

B(z,r) ={y € X : d(x,y) <r}

with x running through the all points of X and r € R, with » > 0, satisfy the
conditions (i) and (ii) of Proposition I1.1.14. First, notice that for any =z € X,
x € B(xz,e) for any € > 0. Secondly, notice that if y € B(z,¢), then we can set
d:=e€—d(x,y) and have y € B(y,d) C B(x,e¢).

Finally, given x € B(y;,7r1) () B(y2,72), then by the argument before, we §; > 0
with x € B(z,01) C B(yi,r1) and d, > 0, with x € B(z,d2) C B(ys,72). Choosing
0 be the smallest of 4; and 9, we conclude

B(x,8) C By, m) [ ) B(ya.12)
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We call the topology 73,,,. the standard topology on (X, d).

Example 11.1.20. Let n > 1. The set R := R x --- x R with the standard
—_———

n
euclidean distance

d(z,y) == /(21— 1) + - (20 — yn)?

is a metric space. The induced topology with a basis given by open balls, makes it
a topological space. We denote it simply by R".

Definition II1.1.21. Let X be a set and let 7, and 7 be topologies on X. We say
that 71 is finer than = if » C 71, ie, 7 is obtained from 75 by adding extra open
subsets. In this case we also say that 7 is coarser than 7.

Proposition I1.1.22. Let (X, 7) be a topological space and S C X a subset. Then
the collection of subsets of S defined by

Ts:={SNU:U €1}
defines a topology on S.

PROOF. Let us check the axioms:

e S=S5SNX with X € 7,505 € 753
e )=5SN0with® e7,so0ems;
e Given a family {S N U;}ic; with U; € 7 for each ¢ € I, then

(LZJSﬂM-) =Sn (UU)

so that (|J, S NU;) € 15 since (|, U;) € 7.
e Given a finite family {S N U, }ie; with U; € 7 for each i € I, then

(OSHUZ) =Sn (ﬂU)

so that ({J, S NU;) € 15 since ([, U;) € T because the family is finite.
U

Definition I1.1.23. The topology of the Proposition I1.1.22 is called the induced
or subspace topology. If S C X is a subset equipped with a subspace topology, we
call it a subspace.
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Exercise 11.1.24. Let X be a topological space and U an open subset. Show that
the induced topology on U corresponds exactly to the collection of open subsets of
X contained in U.

Example II1.1.25. We consider R and the closed subset [0, 1]. We endow [0, 1] with
the induced topology. In this case the subset [0, %[ is an open subset for the induced
topology, since it is obtained as an intersection [0,1]N] — 1, 3[. However, [0, 3[ is not
an open subset of R.

Example I1.1.26 (The circle and the spheres). The n-dimensional sphere S™ is
the subset

S = (1, T, Tng) \/x% +otal +ap,, = 1)) SR

endowed with the subspace topology. The circle is S*.

Example I1.1.27. The closed disk D™ is the subspace of R™ defined by

D" :={x € R": d(z,0) <1}
with the subspace topology.
Example I1.1.28. Let us describe Z as a subset of R endowed with the induced
topology. Open subsets for the induced topology are of the form Z N U where U
is an open in R. It is therefore enough to check what happens when U is an open

interval |a,b[. In particular, given an interger n, we can consider the open interval
Jn—1,n+ 1 to get

z ﬂ]n—i,n—i—i[: {n}

an open subset of Z for the induced topology. This is true for every n.

In conclusion, the induced topology on Z coincides with the discrete topology of the
Example I1.1.7:

Definition I1.1.29. Let X be a topological space and A C X a subset. We define:

e The closure of A, denoted A, the smallest closed subset that contains A,

ie
A= m F

ACF":F is closed
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e The interior of A, denoted Int(A) to be the biggest open subset contained
in A, ie
Int(A) = U U

UCA:U is open

e The boundary of A, A := A\ Int(A).
o Ais dense if A= X

Exercise 11.1.30. Let X be a topological space and A, B subsets. Show that:

(i) Int(A) CACA

(ii) A is open if and only if Int(A) = A.
(iii) A is closed if and only if A = A.
(iv) Int(A) = X\ X\ A
(v) A= X\ Int(X\ A)
(vi) @ € A if and only if every neighborhood of z intersects A
(vii) AUB = AUB
(viii) Int(AN B) = Int(A) () Int(B)

Exercise I1.1.31. Describe an open subset A of R?, different from R? but with
Int(A) = R2

I1.2. Continuous Maps

Definition I1.2.1. ¢l Let (X, 7x) and (Y, 7y) be topological spaces. We say that a
map of sets f : X — Y is continuous if for every open subset U € 7y, the pre-image
f~YU) is an open in X, ie, Tx.

Remark I1.2.2. Let (X, 7x) and (Y, 7y) be topological spaces. Amap f: X — Y is
continuous if and only if the pre-image of closed subsets are closed. Indeed, assume
f is continuous and V is closed in Y. Then by definition Y \ V' is open. Therefore

“HY\V)=X\ (V) is open, so f71(V) is closed. Vice-versa, assume that f~!
sends closed subsets to closed subsets. The symmetry of the argument by taking
complements concludes the proof.

Proposition I1.2.3. The following conditions are equivalent for a set-theoretic map
f X =Y between two topological spaces

(i) f is continuous;
(ii) for each x and for each open neigh. V of f(x) there exists an open neigh.
U of x with U C f~Y(V) (e — & characterization)

PrOOF. This is a consequence of the characterization of open subsets in Pro-
position I1.1.11. ([l
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Proposition I1.2.4. The composition of continuous maps is again continuous.

PROOF. Indeed, if f : X — Y and g : Y — Z are continuous, given U € 74
an open in Z, g-'(U) is open in Y and therefore, by definition of continuity in
Definition I1.2.1, f~!(¢~(U)) is an open in X. To conclude we only need to observe

that f~' (g~ (U)) = (go f)~"(U). O

Remark I1.2.5. Let X and Y be topological spaces. Assume the topology in Y
is of the form 73 for 8 as in the Proposition I1.1.14. Then a map f : X — Y is
continuous if and only if the f~(B) is open in X for every B € 3. This follows
because every open subset in Y is obtained as a union of elements of 3, and taking
set-theoretic pre-images commutes with unions.

In the same way, if the topology in Y is of the form 775 for § as in the Construc-
tion I1.1.15, then a map f : X — Y is continuous if and only if the f~!(B) is open
in X for every B € . This follows because every open subset in Y is obtained as
a union of finite intersections of elements of 5, and taking set-theoretic pre-images
commutes with unions and finite intersections.

Exercise 11.2.6. A continuous map f : X — Y is said to be open if for every open
subset U of X, its image f(U) is open in Y. Show that if § is a basis for the topology
of X, then f is open if and only if f(B) is open for every B € .

Example I1.2.7. The complex exponential function exp : C — C* sending z — €7 is
continuous with respect to the subspace topology on C*. Thanks to Remark I1.2.5
this can be proved using the familiar € — ¢ definition of continuity. We can even
prove something better - we can show it is holomorphic. Any holomorphic function
is continuous. We refer to your complex analysis course.

Example I1.2.8. Let (X,d) be a metric space. Then the topology of the Defini-
tion I1.1.19 is the coarsest topology on X such that the maps d(z,—) : X — Rxg
are continuous for every x € X, where R5( is endowed with the subspace topology
as open balls are by definition, inverse images of open intervals under this map. We
conclude with the Remark I1.2.5.

We now explain some rules to construct continuous maps.

Proposition 11.2.9 (Constant maps). Let X and Y be topological spaces and f :
X =Y a set map. Then if f is constant with values y, f is continuous.

PROOF. Let V be an open in Y. Then f~1(V) is either empty of X depending
on V' containing y or not. 0]

Proposition I1.2.10. /Restricting the domain/ Let f : X — 'Y be a continuous map
and A C X a subspace. Then the restriction f, : A =Y where A is equipped with
the subspace topology, is continuous.
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PROOF. Let V' be an open in Y. Then f|;1(V) = f~%V)( A is open in the
subspace topology. O

Proposition I1.2.11. /Restriction the range] Let f : X — Y be a continuous map
and Z CY a subspace containing the image f(X). Then the restriction f : X — Z
1S continuous.

PROOF. This follows because for any open subset U of Z we have f~1(U (] f(X)) =
f~YU) and by assumption f is continuous. O

Remark I1.2.12. The inclusion of a subspace A C X is continuous.

Proposition I1.2.13. [gluings: local formulation of continuity] Let X be a topo-
logical space written as a union of open subsets U,. Show that a map X — Y s
continuous if and only if each restriction f, s continuous.

PROOF. Let V' be an open subset of Y. Then, since X = U, we have

=Y vynt,

It is therefore enough to show that each f~1(V)NU, is open in U,. But by definition,
fvynu, = f|;1 (V) and by assumption, fj, is continuous. O

TD, Exo 5, Exercise I1.2.14. [gluing continuous maps along closed subsets| Let X be a to-
Feuille 1 pological space and Fy, F5 C X two closed subsets such that X = F; U F;. Let
fi: Fi — Z and fy : F5 — Z be continuous maps such that f; and f; agree on

F1 N F;. Show that f; and f3 glue to a well-defined unique continuous map X — 7.

Definition I1.2.15. We say that a continuous map f : X — Y is a homeomorph-
ism, if there exists a continuous map g : ¥ — X such that f og = Idy and
go f = Idx. In other words, if the map f admits an inverse and the inverse is also
continuous. Two topological spaces X and Y are said to be homeomorphic if there
exists a homeomorphism between them.

Example 11.2.16.

e The set of complex numbers C together with the distance function |z — 2/|
is a metric space. The natural identification of C with R? via

z=a+1ib~— (a,b)
defines a homeomorphism, with R? equipped with the euclidean distance.

e The tangent map | — 7, 7[— R is a homeomorphism with inverse given by
the function arctan.
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e The real exponential map R — R-( is an homemorphism with inverse given
by the real logarithm.

e Let a < b. Then the interval [a,b] is homeomorphic to [0,1]. Indeed,
the affine function [0,1] — [a,b] sending x — (b — a)z + a has inverse

a

1
Y= =Y = —a

Exercise I1.2.17. Let ]a, b[ be an open interval in R. Show that it is homeomorphic
to R.

Example I1.2.18. The homeomorphism of the Example 11.2.16, restricts to a
homeomorphism between S' C R? and the subspace of complex numbers z with
|z| = 1. For the 1-dimensional circle, it will be convenient to take this as a defini-
tion instead.

Example I1.2.19. The space of real numbers can be seen as a subspace of the com-
plex numbers via the continuous inclusion z — 27iz. Using the Proposition I1.2.11
and Proposition I1.2.10, the complex exponential of the Example I1.2.7 restricts
to a continuous map R — S! via z +— €*™® = cos(2rx) + isin(27z).

Example I1.2.20. Here is an example of a continuous map that admits a set-
theoretic inverse but the inverse is not continuous. Take the topological spaces
Rauise and Ry, as in the Example I1.1.7. Notice that the set-theoretical identity
Id : R — R defines a continuous map Rysc — Ryrin. Indeed, the pre-image of any
open set for the trivial topology (either R or (}) are open for the discrete topology
(where all subsets are open). Therefore this map is a continuous bijection. However,
its inverse - the identity map - does not define a continuous map Ry.;, — Ry;sc since
for instance, the inverse image of the singleton {0} is not empty for the trivial
topology.

Exercise I1.2.21. Show that the open ball B(0,1) in R? is topologically isomorphic
to R?. Hint: use the map (z,y) — z , Y with inverse given b
P (@) = (meor Tieor siven by

T,y) — z , Y )
(z.9) (%/1+H<x,y>||2 %/1+|\(x,y>||2)

Exercise 11.2.22. Let N = (0,0, 1) denote the North pole in the sphere S%. The
stereographic projection from the north pole is described in the video below
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» Pl o) o051/493

Show that it is given by the formula
S*\ {N} CR* - R?

x y )
1—2"1—z2

(@,9,2) = (

and its inverse by

2% o 1|5
L+ [[0][27 1+ [0 1+ [|0] )2

o = (a,b) € R* = (

)

Show these formulas define a homeomorphism from S?\ {N} to R%.

Here’s another video illustrating this:

> Pl ) 146/210

I1.3. Compact Spaces

Definition II.3.1. A topological space X is said to be Hausdorff (séparé in french)
if for every pair of points x,y in X, there exists open neighborhoods U and V' with
r €U and y € V and such that UNV = (.


https://www.youtube.com/watch?v=0oO4bhMoREU
https://youtu.be/VhggKwRmhy4?t=101
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Example I1.3.2. The topological space from the Example I1.1.7-(i) is not Haus-
dorff since we can not isolate 0 and 1 by disjoint open subsets.

Remark I1.3.3. Let X be a topological space and A C X a subspace. If X is
Hausdorff then so is A

Exercise 11.3.4. Show that a topological space X is Hausdorff if and only if the
diagonal of A := {(z,z) : x € X} C X x X is a closed subset for the product
topology.

Exercise 1I.3.5. Show that in a Hausdorff space, the singletons {x} are closed
subsets.

Proposition I1.3.6. Let (X, d) be a metric space. Then the induced topology is
Hausdorff.

PROOF. Let z and y € X and let € := 1d(x,y). We want to show that B(z, €)
and B(y, €) are disjoint. Suppose z exists in their intersection. Then d(z, z) < € and
d(y, z) < e. By the triangle inequality for d, we have

d(z,y) < d(z,z)+d(z,y) < e+e=d(x,y)
which is a contradiction.
]

Exercise I1.3.7. (line with double origin) We consider the set of all real numbers

different from zero R\ {0} and formally add to it two elements 04 and 0p,ie, we
define

X =R\ {0} J{04,05}
We consider the collections of subsets

f1 := { all open intervals of R which do not contain zero }
Bo := { all subsets of the form | — a,0[U{04}U]0,a[,a >0 }

Ps := { all subsets of the form | — a,0[U{05}U]0,al,a >0 }
and defined

B=p61JsJss

(i) Check g satisfies the conditions of the Proposition II.1.14 and therefore
generates a topology 73

(ii) Show that each of the spaces X \ {04} and X \ {0p} is topologically
isomorphic to R

TD, Exo 3,
Feuille 1

TD, Exo 6,
Feuille 1



TD, Exo 4,
Feuille 1
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(ili) Show that 75 does not separate the points 04 and Op, namely, that it is
impossible to find an open subset containing 04 that does not intersect an
open subset containing 0p.

In the next example we finally define the circle and spheres as topological spaces:

Example I1.3.8. The n-dimensional sphere S™ of the Example I1.1.26 are closed
subsets. Indeed, let d denote the standard euclidean metric in R” and let f, :
R™ — R be the function sending = +— d(z,0) = ||z||. By Example II.2.8 this
function is continuous with R also endowed with the standard topology. By the
Proposition I1.3.6, singletons are closed in R. In particular, {1} C R is a closed
subset. By Remark I1.2.2, S"~! = f-1{{1}} is a closed subset of R". In particular,
S™=1 is Hausdorff.

Exercise 11.3.9. Is the property of being Hausdorff stable under:

e Unions?

e Intersections?

e closure?

e interiors?

e boundary?

e passing a closed subspace?

Exercise 11.3.10. Let X be a set. When is the trivial topology on X, Hausdorff?

Definition I1.3.11. Let X be a topological space. An open covering of X is a family
(possibly infinite) of open subsets % := {U, }aca whose union is X, ie, U, U, = X.
A subcover of % is a open covering of X - %' - with %' C %.

Definition I1.3.12. A topological space X is said to be quasi-compact if for every
open cover % := {U,}aca of X we can always extract a subcover %’ which is finite.

Definition I1.3.13. Let X be a topological space. We say that a subset A C X is
quasi-compact if it is quasi-compact for the subspace topology.

Remark I1.3.14. Following the definition Definition 11.3.13, an open covering for
a subspace A C X consists of a collection of subsets of X, {U; }ics, where each Uj is
open in X and such that A = J,(ANU;), ie, A C |, U;. Then A is quasi-compact if
for any collection {U; }icr of opens in X with A C |J, U; we can find a subcollection
{Uil, tee Uzn} with A Q UZ:l Ulk
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Exercise 11.3.15. Is the property of being quasi-compact stable under: TD, Exo 4,
e Unions? Feuille 1
e Intersections?
e closure?

e interiors?
e boundary?
e passing a closed subspace?

Proposition 11.3.16. Consider the closed interval [0,1] as a subspace of R. Then
[0, 1] is quasi-compact.

PROOF. Let % := {U,;}icr be a cover of [0,1]. Assume that [0, 1] is not quasi-
compact. Then at least one of the intervals [0, 1] or [3, 1] is not contained in a finite
subcover of % since if they were both, we would have a contradiction with [0, 1]
not being quasi-compact. Lets pick one of these halves (one that is contained in a
finite subcover), and write it as [aq, b1]. Re-applying the same argument, we can cut
this half again in two and at least one of the parts will not be contained in a finite
subcover of % since if they were both, we would again find a contradiction. Call
[az, bs] one of the sides which is not contained in a finite subcover of #. By induction
we can build this way a sequence of nested intervals [a,,, b,| of length%n, none of which
is contained in a finite subcover of . We remark that the infinite intersection
,.[an, by is non-empty and consists of a single point: indeed, the sequence {a,}
is increasing and bounded by 0 on the left and 1 on the right. Therefore by the
axioms of the real numbers, it admits a supremum sup. Similarly, the sequence
{b,} is decreasing and bounded by 0. It admits an infimum inf. By construction,
[sup, inf] € (), [an, bs] and since the length of the intervals goes to zero with 5+ — 0,
we must have sup = inf. Call this point p.

i

L4

Since p € [0,1] and % is a covering family, there must exist ig, such that p € U;,.
By definition of open sets for the standard topology, there must exist ¢ > 0 such
that p € B(p,€) C U;,. Using the Archimedean property, choose N > 0 such that
€ > ZLN Since p € [ay, by, it follows that

p € lan,by] € B(p,e) C Uy,

But this contradicts the fact that [ay, by] by construction is not contained in a finite
subcover of %. O



TD, Exo 6,
Feuille 1
(a,b)

TD, Exo 6,
Feuille 7 (c)

TD, Exo 6,
Feuille 7 (c)

TD, Ezo 6,
Feuille 7 (c)
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Example I1.3.17. The interval [0, 1] is not quasi-compact. Indeed, take the open
cover {Up }nen where Uy, :=[0,1 — L[. The union (J, U, = [0, 1] but the cover does
not admit a finite subcover. Indeed, for any finitely many elements in the cover
Unys - Un,, take n = maz(ny,---ng) and take N = n + 1. Then 1 — % is not

N
contained in any of the Uy, --- , U.

Definition I1.3.18. A topological space X is said to be compact if it is quasi-
compact and Hausdorff.

Exercise 11.3.19.

(i) Let X be quasi-compact. Show that that if /' C X is a closed subset then
F' is quasi-compact.
(ii) Let X be a Hausdorff space. Suppose F' C X is quasi-compact and suppose
x is a point of X \ F. Show that there exists disjoint open sets U and V'
of X with FCU andz e V.
(iii) Let X be a Hausdorff space. Suppose F' C X is quasi-compact. Then F’
is closed. (Hint: use (ii)).

Exercise 11.3.20. Let f : X — Y be a continuous surjection. Show that if X
quasi-compact then so is Y.

Exercise I1.3.21. Let f : X — Y be a continuous bijection. Show that if Y
Hausdorff then so is X.

Proposition I1.3.22. Let f : X — Y be a continuous bijection. If X is quasi-
compact and Y is Hausdorff then f is a homeomorphism.

Exercise 11.3.23. A topological group is a group G endowed with a topology that
renders the maps G x G — G given by (z,y) — z.y and G — G given by z — x7},

continuous.

(i) Let H C G be a subgroup. Then if H is open, it is closed.
(ii) G is Hausdorff if and only if the singleton {e} is closed.

Example I1.3.24. The unit square [0, 1] x [0, 1] and the disk D? are homeomorphic
with respect to the subspace topologies induced from R?.

I1.4. Sequences and Continuity

Definition I1.4.1. Let (X,7) be a topological space. We say that a sequence
(an)nen converges to an element x € X if for every open subset U of X containing z
there exists an integer N > 0 such that all the terms of the sequence of order n > N
are inside U.

Exercise I1.4.2. Show that if X is Hausdorff, if a sequence has a limit then this
limit is unique.
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Exercise 11.4.3. Let X be a topological space. Let A C X.

(i) Show that if there is a sequence of points in A converging to x then x € A.

(ii) Show that the converse holds if X is metrizable, ie, the topology of X is
induced by a distance function.

Exercise 11.4.4. Let f: X — Y be a map of sets between topological spaces.

(i) Show that if f is continuous then for every sequence of points z, in X
converging to x the sequence f(z, converges to f(x)inY .

(ii) Show that the converse holds if X is metrizable.

11.5. Constructions: Products, Quotients, Gluings, Function Spaces
Products.

Construction I1.5.1. Let (X, 7x) and (Y, 7y) be topological spaces. Consider the
set theoretic product X x Y. We define § C P(X x Y') the collection of open bozes

Brow :={U xV U €1x,V €y}
Lemma I1.5.2. The collection By of the Construction I1.5.1 satisfies the condi-
tions (i) and (ii) of the Proposition I1.1.14.

PROOF. (i) Let (z,y) € X xY. Since 7x is a topology, there exists U € Tx
with x € U. Same argument gives us V € 7y with y € V. Therefore
U XV € Bpop contains (z,y).

(ii) Let Uy, U, € 7x and Vi, Va € 7y, Notice that set-theoretically
(U1 x Vi) (U2 x Vo) = (U1 N Us) x (V4 N VA)

Since Uy, Uy, V1, V5 are opens in a topology, by the axioms we have UyNU, €
7x and Vi NV, € 7y so that (U1 NUs) x (ViNV,) € Bpos
O

Definition I1.5.3. Let (X, 7x) and (Y, 7y) be topological spaces. The topological
space obtained by endowing the set X x Y with the topology generated by By is
called the product space. This topology is called the product topology.

Proposition I1.5.4. Let (X, 7x) and (Y, 1y) be topological spaces. Then the product
topology coincides with the coarsest topology rendering the two canonical projections
Tx : X XY = X and 7wy : X XY —'Y, continuous.

PROOF. Let us denote by 7 C P(X x Y') the collection

= {ry(U):U € 7x} U {ry' (V) :V ery}
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Then By, coincides with the collection I(7) obtained by adjoining to 7 all finite
intersections of elements of 7 as in the Construction 11.1.15. This follows from the
formula

Ux V=" (U))m'(V)

for U € 7x and V € 7y. In particular 7 is a subbasis for the product topology and
it follows from the Remark I1.2.5 that the two projections are continuous. 0

Exercise I1.5.5. A map of topological spaces Z — X x Y is continuous if and only
if the composition with the two projections mx and 7y are continuous.

Exercise I1.5.6 (Tube Lemma). Let X and Y be topological spaces with ¥ quasi-
compact. Let N be an open subset of X x Y containing a subset of the form
{z} x Y. Then there exists an open neighborhood W of  in X such that W x Y
is still contained in N

Exercise I1.5.7. Let X and Y be quasi-compact topological spaces. Then X x Y
is quasi-compact. (Hint: Use the Exercise I11.5.6).

Exercise I1.5.8. Let X and Y be quasi-compact topological spaces. Then X x Y
is Hausdorff if and only if both X and Y are Hausdorff.

Example I1.5.9. Let n > 2. The standard euclidean topology on R” := R x --- x R
—_———

of the Example I1.1.20 coincides with the product topology. We use the criterium
of the Proposition I1.1.18 to show that the two topologies coincide. The standard
euclidean topology has a basis Syys given by the collection of open balls. The
product topology has a basis (., given by the collection of open boxes. Let x =
(x1,++,x,) € R". Given ¢ > 0 and taking § such that dy/n < € the open box
|—x1—0,x1+0[x - - - X]x,,—6, x,,46[ is contained in the open ball B(z, €). Conversely,
if v = (21, ,2,) belongs to an open box Uy x Uy X -+ x U,, we can always find
d > 0 such that €] —x; — 6,21 + 0[X -+ X]x,, — 0,2y, + 6[C Uy X -+- x U,. In
this case, by taking an open ball B(x, €) of radius € smaller than §../n, we will have
r € B(x,e) CUp X -+ X Up.
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Example I1.5.10. The subspace topology on {(z1,---z,) € R" : 0 < x; <n,Vi €
{1,---,n}} € R" coincides with the product topology [0,1]". By induction from
the Proposition I1.3.16, it is quasi-compact.

Example I1.5.11. The spheres S"~! can be described as closed subspaces of the
product interval [—1, 1]™ which is quasi-compact as a consequence of the Example I1.5.10
(since [0, 1] and [—1, 1] are homeomorphic). It follows from the Exercise 11.3.19 that

the spheres are also quasi-compact, and therefore compact (since we already knew
they were Hausdorff).

Definition II.5.12. The n-dimensional torus T” is the product space S* x - -- x S’
—_——

n
In particular, it is Hausdorff.

Disjoint unions.

Reminder I1.5.13. If X and Y are sets, we consider their disjoint union

XJJy =& x{o}) [ x{1})
We denote by ix : X — X][Y and iy : Y — X ][V the two inclusions. A pair
of maps of sets f : X — Z and g : Y — Z, uniquely defines a map X [[Y — Z
sending an element a € X [[Y to f(a) if a belongs to X and a to g(a) if a belongs
toY



30 II. QUICK REVIEW OF GENERAL TOPOLOGY

Construction I1.5.14. If (X, 7x) and (Y, 7v) are topological spaces, we can endow
the disjoint union of the Reminder 11.5.13 with a topology. Namely, we consider

T={Ae P(X]]Y):ix'(A) € 7x, and iy'(A) € v}

The compatibility of taking inverse images, with unions and intersections, guarantees
that this forms a topology which renders the two inclusions ix : X — X [[Y and
iy : Y = X [[Y continuous. We call X [[Y the disjoint union space.

Example II.5.15. Let X and Y be topological spaces. Then ix(X) C X ][V is
both open and closed in X []Y. Indeed, set-theoretically we have iy'(ix)(X)) = X
which is open in X and iy (ix)(X)) = () which is open in Y.

Exercise 11.5.16. Let X,Y, Z be topological spaces. Show that that a map ¥ :
(X]IY,7) — (Z,72) is continuous if and only if the two compositions ¥ o ix and
W o 1y are continuous.

Exercise I1.5.17. Let X, {Y;},c; be topological spaces. Show that the canonical
map induced by the inclusions Y; — [[; Y;

X ([Tv) =[x x )
is a homeomorphism.
Quotients.

Reminder I1.5.18. Let X be a set. An equivalence relation on X is a subset
X C X x X satistying the following three properties:

o Identities: & contains the diagonal subset A;
e Symmetry: if (z,y) € &, then (y,z) € X;
e Transitivity: if (z,y) € # and (y,2) € R, then (y,z) € X;

Given an equivalence relation & on X we can form the quotient set X/ of all
equivalence classes [x] where [z] = [y] if and only if (z,y) € %. In denote by

7 X = X/R
the map of sets sending « € X to its class [z].

Example I1.5.19. Let f : X — Y be a map of sets. Then the subset & C X x X
defined by

R ={(z,y): f(z) = fy)}
defines an equivalence relation on X. By the nature of this relation, the map f :
X — Y factors through the quotient set
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The map f is injective: if f([z]) = f([y]), then f(z) = f(y) so by definition [z] = [y].

The map f is surjective if and only if f is surjective. Indeed, for any composition
of maps of sets u = v o h, with h surjective, then wu is surjective if and only if v is
surjective.

In particular, all surjective maps of sets are quotient maps.

Exercise 11.5.20. Let X be a set.

(1) Let {A;}icr be a family of equivalence relations on X. Show that the in-
tersection [, &; € X x X defines an equivalence relation on X.

(ii) Let S € X x X be a subset. Define < S >C X x X as follows: (z,y) €<
S > if and only if there exists xg, x1, - Tp, Tpy1 € X , withxg =z, x,11 =
y such that, either
® T; = Ti4+1
o (Ii7xi+1) es
° (l'i—f—l;xi) es

Show that < S > defines an equivalence relation on X.
(iii) Show that if & is any equivalence relation with S € & then < S >C .
(iv) Conclude that

<8 >= ﬂ 7

SCR:R is an equivalence relation

We call < S > the equivalence relation generated by S. It is the finest
equivalence relation containing S

Construction I1.5.21. (Quotient topology) Let (X, 7) be a topological space and
let R be an equivalence relation on the set X. The topology of X produces a topology
in X/R where declare that a subset V' C X/R is open if and only if 77!(V') is open
in X. The fact that this defines a topology is immediate from the properties of
the operation 7! and from the properties of opens in X. Moreover, this topology
makes 7 continuous by definition.
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Definition I1.5.22. Let X be a topological space, # an equivalence relation. We
say that an open subset U of X is saturated if and only if U = p~*(p(U)).

TD, Exo Remark I1.5.23. Let X be a topological space, % an equivalence relation. Then
8-(ii), the map 7 is open (image of open subsets is open) if and only if every open subset
Feuille 1 is saturated.

TD, Exo Proposition I1.5.24. Let X and Z be a topological spaces and let R be an equi-
8-(iii), walence relation on the set X. Then a map u : X/R — Z is continuous if and
Feuille 1 only if the composition wow : X — Z s continuous. Moreover, continuous maps
f : X/R — Z are in bijection with continuous maps f : X — Z which identify the
equivalence classes, ie, f(x) = f(y) if and only if x ~ y.

TD, Exo 13, Example I1.5.25. Consider the exponential map exp : R — S! of the Ex-
Feuille 1 ample I1.2.19. For every x € R and for every n € Z, we have

627r(.r—&—n) — 627r1'

Let us define an equivalence relation &% on the real line by declaring © ~ y if
and only if y — 2 € Z. This satisfies the symmetry and transitivity relations.
Therefore, we can form the quotient space R/% of the Construction I1.5.21 and by
the Proposition 11.5.24, exp factors through a continuous map

S

R/% - == Sl
exp

The map exp is a continuous bijection. Let us prove that it is injective. Suppose

exp([z]) = exp([y])
ie,
exp(2mi z) = exp(2miy)
Since the exponential is a map of groups, this is equivalent to
eQTI’i(:E*y) -1

therefore © — y € Z so that [z] = [y].

For surjectivity, it is the fact that every point of the circle can be written in expo-
nential form via Euler’s formula.

TD, Exo 10, Exercise 11.5.26. Let X be a topological space and £ an equivalence relation.
Feuille 1 Then:
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(i) Show that if # C X x X is closed and 7 : X — X /& is open, then the
quotient is Hausdorff.

(ii) Show that if # C X x X is closed and X is compact (quasi-compact
Hausdorff), then X/Z is compact.

Exercise I1.5.27. Show that the group (R", +,0) is a topological group.

Exercise 11.5.28. Consider the additive group (C, 4, 0) and the multiplicative group
C* with the subspace topology from C. Show that they are both topological groups.
Check that the exponential map is a map of topological groups.

Exercise 11.5.29. Let G be a topological group and H a subgroup. Then the
relation g, ~ g if and only if g, '¢g; € H, defines an equivalence relation &y in G
(check this!). Show that the quotient G/H is Hausdorff if and only if the subgroup
H is closed in G.

Exercise 11.5.30. Let G be a topological group and H a subgroup. Then the
relation g, ~ g if and only if g;'¢g; € H, defines an equivalence relation %y in G
(check this!). Show that the quotient G/H is Hausdorff if and only if the subgroup
H is closed in G.

Exercise 11.5.31. Let G be a topological group and H is a subgroup which is closed
and normal. Show that G/H is a topological group and the quotient map is a map
of topological groups.

Exercise 11.5.32. The quotient R/ of the Example I1.5.25 is Hausdorff. Indeed,
this quotient can also be identified, by construction, with the quotient R/Z for the
closed additive subgroup Z C R.

TD, Exo 12,
Feuille 1

TD, Exo 12,
Feuille 1

Example I1.5.33. Consider R with the equivalence relation & of the Example I1.5.25TD, Exo 13,

Let us consider the closed interval [0, 1] C R as a closed subspace. The equivalence
relation # on R restricts to an equivalence relation %’ on [0, 1], consisting of

Z = {(0,1), (1,00} A
identifying the extremities 0 and 1 of the interval to the same point, ie, [0] = [1]

in the quotient. The inclusion [0,1] € R being compatible with the equivalences
relations, passes to the quotient

0,1] —R

|, ]

0,1]/% -~ +R/%

Feuille 1
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¢ is a continuous bijection. Continuity is a consequence of the universal property.
For injectivity, notice that if ¢([z]) = [z] = ¢([y]) = [y] in R/R with z,y € [0, 1],
then there exists n such that + = y + n. Since by assumption both x and y are
in [0, 1], this can only mean z = 0 and y = 1 or z = 1 and y = 0. In both cases
[z] = [y] in [0,1]/R’. Surjectivity is a consequence of the fact that any x € R can
be written as = y + n for some y € [0, 1].

In particular, since [0, 1] is quasi-compact (Proposition I1.3.16), by the Exercise 11.3.20,
[0,1]/%’ is quasi-compact.

By the Exercise 11.5.32, R/% is Hausdorff. Therefore, by the Proposition 11.3.22,
the dotted map is a homeomorphism.

Returning to the exponential map, we obtain

0,1]] —R
AN
0,1]/ % ——R/% - -5

We claim that the continuous composition
0,1]/# ——R/% - --S!

is an homemorphism. Indeed, since S! is Hausdorff, by the same arguments as above,
it is enough to remark that this composition is a bijection because both maps are
bijections.

This example gives another a characterization of the circle, this time as a quotient
space.

Exercise 11.5.34. This exercise constructs the torus as in the snake game Exer-
cice I.1.1 and explains why it is homemorphic to the torus as a product of circles,
as seen in the Exercice I1.1.8.

Consider the square X := [0, 1]x [0, 1] as a subspace of R? with the standard topology,
pictured as

(0,1) (1,1)

(0,0) (1,0)

We consider the equivalence relation &% forcing the identifications of the snake game
Exercice I.1.1. First, a point of the form (0,y) should be identified with the point

(1,9)
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(0,1) (1,1)
(0,9) (1,9)
(0,0) (1,0)

Secondly, a point of the form (z,0) should be identified with the point (z, 1)

(0,1) |(z,1) (1,1)
(0,0) (z,0) (1,0)

More precisely, Z C X x X is defined by the union of
{((xay)7 (z,w)) = O,y =w,z = 1}

{((z,y),(zw) : 2 =2,y =0,w=1}

and the diagonal A. This defines an equivalence relation on X. Denote by X/%
the quotient space. Show that

(i) X/<Z is quasi-compact.

(ii) The inclusion X C R? renders the equivalence relation % compatible with

the equivalence relation associated to the additive subgroup Z? C R
(iii) The induced map quotient X/%# — R?/Z? is a continuous bijection.
(iv) R?/Z? is Hausdorff
v) The quotient map X/% — R?/Z? is an homemorphism.
(vi) The map (exp,exp) : R? — S' x S descends to the quotient R?/Z? and
induces a homeomorphism.

Warning I1.5.35. The product of quotient maps is not a quotient map in general.
See the Example 7, page 143 in Munkres Topology book. See also the discussion
below in the Exercise I1.5.65.

Exercise I1.5.36. Use n copies of the exponential function to show that the quotient
R™/Z" is homeomorphic to the product (S!')*». Suggestion: use the cubes [0, 1]" as
above.

Exercise 11.5.37. Consider the disk X = D? with the equivalence relation identi-
fying its boundary 0X = S' to a single point. Show that the quotient space is
homeomorphic to the 2-sphere S2.

Exercise 11.5.38. The real projective espace of dimension n, RP" is the quotient TD, Exo 8,
of R™™1\ {0} by the equivalence relation x ~ y iff there exists A € R* with x = \y. Feuille 3

(i) Show that RP™ is Hausdorff.



TD, Exo 8,
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(ii) Show that RP™ is homeomorphic to the quotient of the sphere S™ by the
antipodal relation , ie, x ~ —z. Conclude that RP™ is compact.
(iii) Show that RP' is homeomorphic to S'.
Here’s a video illustrating the real projective plane (n=2):

} ’l ‘D 0:06/3:14

Exercise I1.5.39. The Mobius band M is the quotient of R? by the relation gen-
erated by (z,y) ~ (z + 1, —y).
(i) Show that M is Hausdorff.
(ii) Show that M is homeomorphic to the quotient of [0,1] x [0,1] by the
relation (0,y) ~ (1,1 —y). Conclude that M is compact.

Exercise II.5.40. The Klein bottle K is the quotient of R* by the equivalence
relation given by the identifications (z,y) ~ (z + 1,y) and (z,y) ~ (—z,y + 1).
(i) Show that K is Hausdorff.
(ii) Show that K is homeomorphic to the quotient of [0,1] x [0,1] by the
equivalence relation (0,y) ~ (1,y) for all y € [0,1] and (x,0) ~ (1 — 2, 1)
for all x € [0, 1].
(iii) Conclude that K is compact.

Exercise 11.5.41. Let X be a topological space and let G be a group acting on X.
We define a relation on X by declaring that = ~ y if there exists g € GG such that
y=g(z).
(i) Show that this defines an equivalence relation on X;
(ii) Let p : X — X/G denote the quotient map. Show that if U is an open
subset in X, then p~'p(U) = U, 9(U).
(iii) Conclude that the quotient map is an open map.

Gluings. Now that we know about the existence of quotient spaces and disjoint
unions, we can define gluings in general. Given two topological spaces X and Y we
would like to glue them along a common subspace Z. We can do something slightly
more general:


https://www.youtube.com/watch?v=lEvJqGvY24c
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Construction 11.5.42 (Gluing). Let f: Z — X and g : Z — Y be continuous
maps. We consider the disjoint union X [[Y endowed with the finest equivalence
relation & such that f(z) ~ g(z) for all z € Z. In the notations of the Exer-
cise I1.5.20, we set S := {(f(2),9(2)) : z € Z} and R :=< S >. We denote the
quotient space by

X[y =&x[[v)/=

byix: X — X][][Y — X][[Y and iy : X — X []Y — X][Y the maps induced by

Z Z
the two canonical inclusions. It follows from the quotient relations that the diagram
commutes

72 .

f

)

X 25 XTIy

N[::<—“<

Proposition I1.5.43. [Universal property of the gluing/ Let T be a topological space
with two maps u : X — T and v :' Y — T such that wo f = vog. Then by
the universal property of the quotient topology there exists a unique continuous map
U XT[Y — T such that w =V oiyx and v =V oiy. Moreover, a map ¥ with this

Z
property is continuous if and only if both u and v are continuous.

PROOF. This is a combination of the universal property of disjoint unions with
the universal property of quotient spaces. 0

Definition I1.5.44. Consider Y = % and f : Z < X the inclusion of a subspace.
Then we write X/Z := X[]Y for the result of the gluing. We call it the collapsed
Z

space, since Z becomes a single point in X/Z.

Example 11.5.45. Let X be a topological space. The cone of X is the collapsed
space C(X) :=[0,1] x X/{1} x X.

Example I1.5.46. Let X be a topological space. The suspension of X is the col-
lapsed space S(X) :=[0,1] x X/({1} x X U {0} x X).

Example I1.5.47. Consider the case where Z = (). Then the gluing X][Y is the
Z

disjoint union space X [[Y since no relations are forced.

Example I1.5.48. Let X be a topological space with U and V' open subsets such
that U|JV = X. Then the diagram of inclusions
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UNV —V

|

U——X

exhibits X as the gluing of U and V along the intersection. This is a direct con-
sequence of Proposition I1.2.13.

Example 11.5.49. In this example we explain how the 2-sphere can be obtained as

a gluing of two disks. Before addressing the proof, there’s a video to explain what
we are trying to do.

Lecteur réduit (i)

B % @ O] 3

Let us formalize this. Consider the 2-sphere S? C R3. Write Dy and Dy for the
northern and southern hemispheres.

Dy = {(z,y,2) € S*: 2 > 1}

Ds = {(z,y,2) € 5*: 2 < 1}

Their intersection is the equator circle

DyNDg={(z,y,2) ESQ:z:O}:{(x,y,z) :$2+y2:1,z:0}

As in the Exercise I1.2.22 Dy is homeomorphic to the closed 2-disk D? via the. In
the same way, Dy is also homeomorphic to the 2-disk via the stereographic projection
from the north pole. The intersection of the two hemispheres is homeomorphic to
the circle S'. Using these identifications, we can fit S? in a commutative square

St —— Dy
D5—>SQ

where the maps correspond to the inclusions of the subspaces. This diagram exhibits
S? as the gluing of the two hemispheres, ie, the induced map


https://youtu.be/VhggKwRmhy4?t=55
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U: Dy[[Ds — °
S1
is a homeomorphism. To see this we start by constructing a set-theoretic map

¢ 05?7 — DNHDS by
Sl

. i D
(b(x,y,z) _ Z'N(xayvz) 1 (l’,y,Z) S N
is(z,y,z) if (x,y,2) € Dg

where iy : Dy — Dn][Dg and ig : Dg — Dy]][Ds are the canonical maps. Clearly

St 51
this agrees on the intersection of the two hemispheres because of the definition of
the equivalence relation. Notice that the restriction of ¢ to Dy is the inclusion iy
and ¢ restricted to Dg is ig. Therefore, since Dy and Dg are closed subsets, ¢ is
continuous because of the Exercise 11.2.14. Notice that

\IJOgZﬁ(ZL’,y,Z) _ W(?N(xvya Z)) = (fI?,y,Z) 1f (ZE,y,Z) S DN
U(is(z,y,2)) = (v,9,2) if (v,9,2) € Dg
since the compositions ¥ oig and W o iy are the inclusions of the two hemispheres.

Finally, we also remark that the composition

¢oW:Dy[[Ds — S* = Dy][Ds
S’l Sl

is the identity. Indeed, by the universal property, it suffices to check that poWoiy =
iy and poWoig = ig. But Woig and Woiy are the canonical inclusions of the northern
and southern hemispheres, so the definition of ¢ by cases guarantees poWoiy =iy
and poWoig=1ig.

In conclusion, ¢ o ¥ and ¥ o ¢ are the identity maps.

Definition I1.5.50. Let X and Y be topological spaces and Z = %. The maps
f:Z — X and g: Z — Y correspond to a point z € X and a point y in Y. In this
case the gluing is called the wedge sum and denoted by X VY.

Example I1.5.51. The wedge of two circles S! v S! recovers the space

of the Exercise 1.2.10.
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Exercise I1.5.52. Let X be a topological space. Show that the suspension S(X)
(see Example 11.5.46) can be obtained as a gluing of two copies of the cone of C'(X)
along X

Exercise 11.5.53. Consider X and Y topological spaces with A C X a subspace
and f: A — Y a continuous map. Show that if A is closed in X and both X and
Y are Hausdorff, then A identifies with a subspace of X][Y

A

Function spaces (optional, not part of the program).

Reminder I1.5.54. Let X, Y be sets. Then the collection of maps of sets X — Y
forms itself a set, which we will denote as Hom(X,Y"). This set has a particular nice
feature: to give a map of sets ¥ : Z — Hom(X,Y') is the same thing as giving for
every element z € Z, amap ¥, : X — Y.ie, for every element x € X, an element
V,(z) € Y. We can arrange this as a function on pairs (z,z) — ¥, (), or simply, a
map of sets Z x X — Y. Inversely, every map of sets ¢ : Z x X — Y determines
for each z € Z a map ¢(z,—) : X = Y, ie, amap Z — Hom(X,Y)

We would like to have a similar mechanism for topological spaces, namely, given two
topological spaces, X and Y, construct a new topological space, denoted Map(X,Y)
whose points are continuous maps X — Y and such that continuous maps Z —
Map(X,Y) are in bijection with continuous maps Z x X — Y by the same principle
as above. This is not always possible, but in some cases, it is:

Notation I1.5.55. Let X and Y be topological spaces. We denote by C(X,Y") the
set of all continous maps from X to Y.

Construction I1.5.56 (Compact-open topology). Let X and Y be topological
spaces. Given a compact subset K of X and an open subset U of Y, we denote

by

W(K,U) ={feC(X,Y): f(K) CU}
and consider the collection of subsets of C'(X,Y") given by

p:={W(K;U) : K compact in X,U open in Y}

The collection g verifies the condition for a subbasis of a topology as in Construc-
tion I1.1.15:

(i) Indeed, for any continuous map f : X — Y, choose K = () and U =Y.
Then f € W(K,U) =C(X,Y)

We denote by Map(X, Y') the topological space obtained by endowing the set C'(X,Y’)
with the topology generated by the subbasis § as in Construction I1.1.15. We call
it the compact-open topology
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Definition I1.5.57. A space X is said to be locally compact if it is Hausdorff and
every point has a compact neighborhood, ie, for every point x € X there exists an
open neighborhood U and a compact subset K such that x € U C K.

Remark 11.5.58. Every compact space is also locally compact. Indeed, take U = X
for every point.

Example I1.5.59. The spaces R™ are locally compact. Indeed, any point lies in a
basis element |ay, by[X - X]ay, b, which is inside the compact subspace [ay, b1] X
- X [ana bn]

Exercise 11.5.60 (One point compactification). Let X be a locally compact space.

(i) Let X denote the set obtained by adjoining to X a point co. Define
T C P(X) by

7:={U :U openin X} U{(X \ K)U{oo}: K is compact in X }

(a) Show that 7 forms a topology on X.
(b) Show that X is compact.

(ii) Show that if Y is any other compact space containing X as a subspace
and such that Y \ X consists of a single point, then Y is canonically
homeomorphic to X through an isomorphism that preserves X. (We call
X the one-point compactification of X)

(iii) Use the stereographic projection to show that R™ is homeomorphic to S™.

(iv) Show that the one-point compactification of the Mobius band is the real
projective plane.

Exercise I1.5.61. We define the complex projective space of dimension n - CP"-
to be the quotient of C™\ {0} by the equivalence relation given by x ~ y if and only
if there exists A € C* such that z = \.y. Show that CP! is homeomorphic to the
2-sphere S2.

Lemma 11.5.62. Let X be a locally compact space. Then for every point x € X
and every open neighborhood U of x there exists an open neighborhood V' such that
xr eV CV CU withV compact.

PROOF. Let x € X and U be an open neighborhood of x. Let X denote the
one-point compactification of X (Exercise IL.5. 60) which exists since X is locally

compact. Let C' = X \U. Slnce U is also 0 open in X by definition of the one-point
compactification, C'is closed in X. Since X is compact, C'is quasi-compact subspace
(by the Exercise 11.3.19). By the Exercise I1.3.19-(ii), we can find | open disjoint
subsets V and W, with € V, and C C W. Then, V is compact in X and disjoint
from C. Therefore VCU. O

TD1, Exo
16, Feuille 1
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Lemma 11.5.63. Let X be a locally compact space, then the evaluation map E :
Map(X,Y) x X — Y defined set-theoretically by (f,x) — f(z), is continuous with
respect to the compact-open topology.

PROOF. Let T be an open in Y. By the Proposition II.1.11. to show that
E~Y(T) is open it is enough to show that for (f,x) € E~'(T) there exists an open
subset S of Map(X,Y) x X such that (f,z) € S C E~YT). In other words,
E(S) C T. Since X is locally compact Hausdorff, by the Lemma I1.5.62, given
U= f‘l(T) there exists an open V with z € V C V C U with V compact. Form
S := U x W(U,T) which is open in the box topology. We notice that (f,z) € S
since z € U and U C f~1(T), ie, f(U) C T. Also, notice that by definition of the
pre-image we have S C E~1(T).

0]

Proposition 11.5.64. Assume X is locally compact. Then a map Z — Map(X,Y)
is continuous if and only the the composition with the evaluation map Z x X —
Map(X,Y) x X — Y is continuous.

PROOF. As a consequence of the Lemma I1.5.63, if X is locally compact, the
evaluation map is continuous. Therefore, if Z — Map(X,Y) is a continuous map,
the composition

Zx X = Map(X,Y)x X >V

is continuous.

Conversely, assume that ¥ : 7 x X — Y is a continuous map. We want to show
that the induced map ¢ : Z — Map(X,Y) is continuous. By the Remark I1.2.5, it
is enough to show that the pre-image of an open subset W (K, V) in Map(X,Y) is
open in Z. By definition

P WK, V) ={2€Z:¢.(K)CV}={2€Z:{z} x KCU 1V}

Since ¥ is continuous by assumption, ¥~!(V') is open in Z x X. In particular
(V)N Z x K
is an open subset of Z x K (with the subspace topology). The tube lemma (FExer-
cise I1.5.6) applied to {z} x K C Z x K implies that there exists an open neigh-
borhood A of z in Z such that the whole A x K is still inside $=1(V). It follows
that A C ¢~ Y (W(K,V)).

O

Exercise I1.5.65. Let Z be a locally compact space and let X be a topological
space with an equivalence relation # C X x X. Endow X x Z with the equivalence
relation R x Az C X x X x Z x Z. Use the universal property of mapping spaces
to show that the canonical map

(X/R) x Z — (X x Z)/(R x Ay)

is a homeomorphism.
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Remark I1.5.66. The Warning I1.5.35 shows that in general the product of quo-
tient maps is not a quotient map. However, when one of the spaces is locally
compact, the result holds as shown by the Exercise I1.5.65. In fact, to make this
result hold in full generality one needs to work with a smaller class of topological
spaces, namely, those called compactly generated. Locally compact spaces belong
to this class. We will not show it in this course, but for the purpose of algebraic
topology any space can be replaced by one that is compactly generated without
losing information. For more details see P. May’s book (chapter 5) referenced in the
bibliography.

I1.6. Connected spaces

Proposition I1.6.1. Let Z be a topological space. The following conditions are
equivalent:

(i) There exists a non-empty subset U C Z which is both open and closed in Z ;
(i1) There exists U and V' open subsets of Z such that UNV =0, UUV = Z;
(111) The same as in (ii) but U and V closed.
(iv) There exists topological spaces U and V' and a homeomorphism Z ~ U [ V.

(v) There ezists a non-constant continuous map Z — {0,1} where {0,1} is
equipped with the discrete topology.

PROOF.

e (i) = (ii): Let U be as in (i). Take V. = Z \ U. Both U and V are
open because U is both open and closed. Finally, U((Z \ U) = 0 and
Uvyz\vu)==72.

e (ii) < (i1i): Take complementary subsets.

e (ii) & (iv): By Exercise I1.5.16 the two inclusions U < Z and V — Z
induce a continuous map

vl[v-=z

This is a continuous bijection. It remains to compare the topology. Let W
be open in Z. Then the two intersections U [\W and V (W are open by
the axioms. Conversely, assume that both U (W and V [\ W are open.
Then we have

wAnJw vy =wAuol|Jv)=wz=w
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which by the axioms for a topology, is also open.

e (it) = (v). Given U and V as in (ii), define f : Z — {0,1} by

1 zeU
J=) = {0 zeV
This function is continuous since f~'({1}) = U and f~'({0}) = V are
open.
e (v) = (i7). Given such a continuous function, set U := f~}({1}) and

V = f~1({0}). It follows that U and V are both non-empty (because the
function is non-constant), open and disjoint and their union is Z.

O

Definition I1.6.2. We say that a topological space is disconnected if it satisfies
one of the equivalent conditions of the Proposition I1.6.1. We say that a space is
connected if it is not disconnected. We says that a subspace is connected if it is
connected for the induced topology.

Remark I1.6.3. In particular, a space X is connected if and only if every continuous
function X — {0, 1} is constant. In particular, if X is connected, every function to
a discrete space must be constant.

Proposition I1.6.4. The space R is connected.

PROOF. Suppose R is not connected. Then there exists a subset A which is sim-
ultaneously open, closed and non-empty and different from R. Let = € R\ A. Then

since R =] — 0o, 2] U [z, +00], one of the intersections [z, +00[NA or | — oo, 2] N A
has to be non-empty. Without loss of generality, assume it is [z, +00[NA that is
non-empty. Notice that [z, +oo[ is the complement of the open subset | — oo, z[ so

it is closed. Since A is closed, [z, +00[NA is also closed. However, since x does not
belong to A, [z, +00[NA =]z, +00[NA which is also open since A is open. It follows
that [x, +00[NA is both open and closed. Now, [z, +00[NA is non-empty and admits
a lower bound by z. Therefore, it has a greatest lower bound s = inf([x, +00[NA).
Since [z, +00[NA is closed, s € [z, +00[NA. But at the same time since [z, +00[NA
is open, there exists € > 0 such that |s — €, s + €[C [z, +00[NA. Take z such that
s —€ < z < s. But then z € [z, +00[NA and z < s contradicting the fact that s was
the greatest lower bound.

O

Example I1.6.5. The space R\ {0} is not connected. Indeed, we can write it as a
disjoint union

R\ {0} =] — 00, 0[ | J ]0, +oc
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In particular, this example shows that the closure of a subspace A in X might be
connected without A being connected.

Proposition 11.6.6. Let A C B C A C X and assume that A is connected for the
subspace topology. Then B is connected for the subspace topology

PROOF. Assume there exists open subsets U and V in X with B C U UV and
UNV = (. We shall show that either BNU or BNV is empty. By definition of the
subspace topology, both U N A and V N A are open in A. But then since A C B,
we find

A=(ANU)U(ANYV)

and

(ANU)N(ANV) =10

Since A is assumed to be connected, it follows that either AN U is empty or ANV
is empty. Assume it is AN U that is empty. It follows that A C X \ U. Since X \ U
is closed, by definition of the closure as the intersection of all closed subsets that
contain A, we have A C X \ U. Therefore B C X \ U so that BN U is empty.

O

Remark I1.6.7. The proof of Proposition I1.6.4 also works to show that any open
interval of R is connected. The Proposition I1.6.6 now shows that any interval is
connected.

Exercise 11.6.8. Let A be a connected subspace of R. Show that A is an interval

Remark I1.6.9. The Proposition I1.6.6 shows that the closure of a connected sub-
set is connected.

Proposition I1.6.10. Let f : X — Y be a continuous map and assume that X is
connected. Then f(X) is connected.

PROOF. We prove by contradiction. Suppose f(X) is not connected for the
subspace topology, ie, there exists non-empty open subsets Vi, V5 of Y with V1NV, =
0 and such that f(X) C V43 UV, Then f~'(V;), f~(V2) are such that

O 0R) = (Vinte) = (@) =0
FAU 08 = AU = £ 00) = X

showing that X is not connected. O
Proposition I1.6.11 (Intermediate Value theorem). Let f : X — R be a continuous

map with X connected. Let x,y € X and let r € R such that f(a) < r <b. Then
there ezists z € X with r = f(z).
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PROOF. Since X is connected, by Proposition I1.6.10, f(X) C R is a connected
subspace. Let

A= f(X)N]—o0,r] , B=f(X)N|r,+o0]

Then A and B are disjoint by design. They are also non-empty since f(a) € A and
f(b) € B. Each is open in f(X) by definition of the subspace topology.
Notice that by construction also

f(X)=AUBU(f(X)Nn{r})

Suppose there does not exist z with f(z) = r. Then the intersection f(X)N {r} is
empty and we have

F(X)=AUB

with A and B disjoint. This would imply that f(X) is disconnected, which is a
contradiction.

O

Proposition I1.6.12. Let X be a topological space and R an equivalence relation.
Then the quotient space X /R is connected.

PROOF. Indeed, apply Proposition 11.6.10 to the quotient map 7 and use that
7 is surjective. 0

Exercise I1.6.13. Let X — Y be a homeomorphism. Then X is connected if and
only if Y is connected.

Proposition I1.6.14. The union of a collection of connected subspaces of X that
have a point in common, is connected.

PROOF. Let {A;} be a family of connected subsets of X and denote by Y = |J; 4,
their union. Let p € ), 4;.

Assume by contradiction that Y is not connected, ie, there exists non-empty opens
Uand V withY = UV and UV = 0. The point p is in one of the subsets U
or V. Assume it is in U. Since A; is connected, it must lie entirely in either in U or
in V. Since p € U, A; must lie in U, ie A; C U. This argument applies to each 7, so
that Y = (J, A, C U, implying that V' is empty, which is a contradiction.

OJ

Corollary 11.6.15. A finite product of connected spaces is connected

PROOF. Let us do the proof for the product X x Y. Fix a point (a,b) in the
product and consider the subset of the product given by

T, = X x {b}| J{z} xV
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This is a subset of X X Y which is the union of two connected subsets: X x {y} is
connected because it is homeomorphic to X and {z} x Y is connected because it is
homeomorphic to Y. Their intersection is non-empty, consisting of the single point

X x [ {a} x Y = {(z,9)}

Therefore, by Proposition I1.6.14 this union is connected.

Now form the union UIE « I,. Each T is connected and the intersection ﬂxe < I is
given by the horizontal line X x {b}. In particular, the intersection is non-empty, say
(a,b) € (,ex T»- Again by the Proposition I1.6.14, the union |, y 7} is connected.
But this union is precisely X x Y ([l

Example I1.6.16. The spaces R" are all connected for n > 0.

Definition I11.6.17. Let X be a topological space and z € X. The union of all
connected subsets of X which contain x is called the connected component of x.

Remark I1.6.18. It follows from the Proposition I1.6.14 that a connected com-
ponent of a point x is connected.

Remark I1.6.19. Any connected component of X is closed in X. Indeed, if C' C X
is the connected component of z, it is connected (by the Remark 11.6.18), so C' is

also connected by Remark I1.6.9 and contains z. But C'is the union of all connected
subsets that contain x so C C C. Therefore C = C.

Remark I1.6.20. A connected component is not necessarily open. Here’s an ex-
ample. Take X = {0} U{: : n € N*} C R as a subspace of the real numbers for
the induced topology. Notice that each of the % are isolated points, in the sense
that {%} is both open and closed for the induced topology. Let A be the connected
component of 0. If some of the + belongs to A. Then A = A\ {1}U{2} is a disjoint
union of open subsets contradicting the fact that A is connected. Therefore A = {0}
is the connected component of 0. But this set is not open for the induced topology
since any neighbourhood of 0 for the induced topology intersects points of the form
L. See Exercise I1.1.30-(vi).

Definition I1.6.21. Let X and Y be topological spaces. We say that a function
X — Y is locally constant if for every point x € X there exists an open neighbhour-
hood U such that f), : U =Y is constant.

Proposition I1.6.22. If X is connected then every locally constant map is constant.

PROOF. Assume X is connected. Fix 2y € X and consider

U={zeX;:f(z)=fzo)} = f ({f(z0)})

V={zeX;f(z)# flzo)} =X\ [ (f(z0))



TD, Exo
12-(4),
Feuille 1

TD, Exo 4,
Feuille 1
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Clearly U NV = (). We claim that both U and V are open. Let z € U. Since f is
locally constant, there exists an open neighbourhood W of x such that f is constant
in U, with value y. But since x € U, we must have y = f(zo) and in this case
W C U. The same argument applies for x € V.

Since X is connected, this is a contradiction, so V' must be empty and therefore f
is constant.

Conversely, assume that every locally constant map is constant. Let 0

Exercise I1.6.23. Let G be a topological group and e € GG the unit. Show that the
connected component Gy of e in G is

e a closed subgroup
e a normal subgroup

Exercise 11.6.24. Is the property of being connected stable under:
e Unions?
e Intersections?
e closure?
e interiors?
e boundary?
e passing a closed subspace?

Exercise 11.6.25.
Show that the Klein bottle is connected (see Exercise I1.5.40).



CHAPTER III

Paths and Homotopies

III.1. Operations on Paths
Notation ITI.1.1. Throughout these notes we denote by I the closed interval [0, 1].

Definition III.1.2. Let X be a topological space. A path on X is a continuous
map v : I — X. We say that v(0) = z is the starting point of v and y = (1) is the
ending point. We say that v is a path from x to y.

Example IT1.1.3. Let X = R? and consider the path v : [0,1] — X given by
v(t) = (cos(2mt), sin(27t))
A

Remark III.1.4. Since the interval I is connected (Remark I1.6.7), the Proposi-
tion I1.6.10 guarantees that (1) C is connected.

Construction III.1.5. Let v : I — X be a path from = to y. Then the map
I — X given by the formula ~,.,(t) := (1 — t) is a path from y to . Indeed, it is
continuous since it is obtained as a composition of v with the map I — I given by
t—1—1t. We call v,., the reverse path of .

o /\__
S, —>
o - 1
?ﬁ&v /\J
o < —_—p
(<} |
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Here’s a video illustrating this:

> Pl o) o001/020

Construction II1.1.6.

Given paths v : I — X and g : v — X where the end point of « is the starting
point of 3, ie, #(0) = v(1), we can form a new path obtained by following v twice

as fast and then [ also twice the speed. Namely, we define 5 x vy : I — X by the
formula

~[(2¢) 0<t<s
(607)@) _{6(215—1) %Stﬁl

Teﬂr

o} W, I

We observe that § * v is continuous as a consequence of the Exercise I1.2.14. We
call B x v the concatenation of § with ~.

Here’s a video with an animation:


https://www.youtube.com/watch?v=ftBSgQk5_Oc
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Yo*Vs

P> Pl ) o023/028

I111.2. Path-Connected Spaces

Definition III.2.1. Let X be a topological space. One says that X is path-con-
nected if every pair of points z,y can be connected by a continuous path, ie, there
exists v : [ — X with v(0) = z,v(1) = v.

Exercise II1.2.2. Let X be a topological space and &% an equivalence relation.
Show that if X is path-connected then so is X/%.
We turn to the relation between the notion of being connected and path-connected:

Proposition 111.2.3. If X s path-connected then X s connected.

PROOF. Let z € X. For any other point y € X there exists a path 7, con-
necting  to y. Therefore, we can write X = J,cx 7,(I). Each v,(I) is connected
because of the Proposition I1.6.10. Therefore, we managed to write X as a union
of connected subsets, with the point x in common. The conclusion follows from
Proposition I1.6.14. [l

The converse fails:

Example II1.2.4. Consider the union

X = (0,00} {(z,y) eR? 1y = sin(%),x > 0}

endowed with the subspace topology.


https://www.youtube.com/watch?v=w1YcPYBzRSE
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(Pictures taken from here)

e X is connected: Indeed the space A = {(z,y) € R? : y =sin(2),z > 0} is

the image of the continuous map sin(1/t) : Rsg — R. By Proposition 11.6.4
we know that R is connected, so using the homeomorphism given by the
real logarithm log : R.g ~ R, we establish that R<( is connected. By Pro-
position I1.6.10 is connected. The set X is such that A C X C A with A
connected. By the Proposition I1.6.6, X is connected.

X is not path-connected: Assume there exists a continuous path - with
7(0) = (0,0) and (1) lying over the graph. Let m; : R*> — R denote the
projection onto the z-coordinate. At some time ty, the path v must jump
from having 0 as z-coordinate, to having a strictly positive x-coordinate.

to := inf{t € [0,1] : T (7(t)) > 0}

Notice that the inf exists since this set by assumption is non-empty and
by design is bounded below by ¢ = 0.

For t < ty, m(y(t)) = 0. By limit-point left-continuity of the path, it
follows that 7 (7(t9)) = 0 so y(to) € {0} x [—1,1].

At the same time, since v is continuous at t(, using the € — d-definition of
continuity we see that for e = %, there exists 0 > 0 such that

1
Yt t0§t<t0+(5:>d(~y(t),(0,0))<§

ie, for all ¢ slightly bigger than ¢¢, 7(¢) should be in a small ball of radius
1.

3¢


https://kconrad.math.uconn.edu/blurbs/topology/connnotpathconn.pdf
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By definition of ¢y as the infimum, there exists tq + 0 > t; > ty with
m1(y(t1)) > 0. By continuity, the image 7 (v([to, t1])) is a connected inter-
val in R, [0, a], with 0 = m(y(¢o)) and a := m(7(t1)). But as we can see
from the picture, in order to progress to the right of the graph, the path
will need to escape from the ball infinitely many times reaching sin = 1
and sin = —1. This occurs for values of x arbitrary small inside the ball,
infinitely many times. In particular, we see that for values m((¢)) (such
as the ones between ¢, and 1), we can never get the whole interval [0, af
- In order to get it we would need to reach values of the sinus functions
outside the ball.

This has a fix:

Definition III.2.5. Let X be a topological space. One says that X is locally path
connected if the topology admits a basis by path-connected open neighborhoods.

Proposition I11.2.6. If X is locally path-connected and connected, then X is path-
connected.

PROOF. Assume X is non-empty. Let z € X. Let A denote the subset of X
of points y such that there exists a path from x to y. First of all A is non-empty
because X is locally path-connected.

We show that A is open: since X is locally path-connected, for every y € A there
exists an open neighborhood U, of y which is path-connected. Therefore, any point
in z € U, can be connected to x by concatenation of a path from z to y and a path
from y to z. It follows that all points in U, are by definition of A, still inside A.
This shows that A is open.

We now show that A is closed. Let z € A and let U, be a path-connected open
neighborhood of z. By the Exercise I1.1.30-(vi) the intersection A N U, is non-
empty. Let y € ANU,. Therefore, z can be connected to x by a path that passes
trough the intermediate point y. It follows that z € A by the definition of A.
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Since X is connected, it cannot have A both non-empty. open and closed unless

A=X
Oz

O

Warning II1.2.7. A path-connected space is not necessarily locally path-connected.
The standard example is the "topologist’s sinus curve" (Circle de Varsovie)

Here’s an explicit construction of this space: take in R? the graph I' of the function
R\ Z — R sending = — sin(ﬁ) where [x] means the integer part of x:

r—

Finally, take E := T the closure of I. This is equal to

E=TU ( U {{n} x [-1,1]})

nebbz

Now we consider the quotient space obtained by identifying (x,y) ~ (z/,v) if and
only if 2’ —x € Z and 3/ = y. The quotient F/ ~ is the topologists circle represented
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in the picture above.

Proposition I11.2.8. Let X be a topological space. Let x,y € X. The relation
x ~y if and only if there exists a path from x to y, is an equivalence relation on the
set of points of X.

PROOF. Obviously x ~ x, since we can always take the constant pathc, : [ — X
defined by ¢, (t) = x for all t. Symmetry is a consequence of the Construction IT1.1.5.
Trransitivity is a consequence of the Construction I11.1.6. U

Construction II1.2.9. Let X be a locally path connected topological space. Then
the two notions of connectedness coincide (Proposition IT1.2.6 and Proposition IT1.2.3).
We denote by mo(X) the quotient of the set of points of X by the path-connected
relation of the Proposition III.2.8. If f : X — Y, we have a well-defined map of
sets

To(f) : mo(X) — mo(y)

sending the [z] — [f(x)]. This is indeed well-defined on equivalence classes of points:
if v is a path from x to y, then f o~ is a path from f(z) to f(y).
Moreover, if g : Y — Z is another continuous map, we have mq(go f) = mo(g) omo(f)-

Exercise 111.2.10. Is the property of being path-connected stable under: TD, Exo 4,
: Feuille 1
e Unions?
e Intersections?
e closure?

e interiors?
e boundary?
e passing a closed subspace?

Exercise II1.2.11. Consider X and Y topological spaces with A C X a subspace TD, Exo 11,
and f: A — Y a continuous map. Feuille 1

(i) Show that if X and Y are connected and A is non-empty, then X][Y is
A

connected.
(ii) Show that the same holds replacing connected by path-connected.

111.3. Homotopies

Definition II1.3.1. Let f, g : X — Y be continuous maps. We say that f and g are
homotopic if there exists a continuous map H : [ x X — Y, such that H(0,—) = f
and H(1,—) =g.

Remark ITI.3.2. We can think of a homotopy as a continuous 1 -parameter family
of maps hy : H(t,—) : X — Y with hg = f and h; = ¢.
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Remark IT1.3.3. If X is locally compact, Proposition I1.5.64 tells us that a homo-
topy I x X — Y from f to g is the same thing as a continuous map I — Map(X,Y’)
sending 0 to f and 1 to g, ie a path in Map(X,Y) from f to g.

Definition ITI.3.4. We say that a continuous map f : X — Y is null-homotopic if
it is homotopic to a constant map.

Example II1.3.5. Any two continuous maps f, g : X — R™ are homotopic via

H(t,z) = (1—=1t)f(x)+t.g(x)

In particular, any continuous map X — R™ is null-homotopic.

Construction III.3.6. [Reverse homotopy| If f is homotopic to g then g is homo-
topic to f. Indeed, let H : I x X — Y be a homotopy from f to g. We consider the
reverse homotopy H,., : I x X — Y defined by the formula

Hyey(t,x) .= H(1 —t,x)

which is obtained by composing H with the continuous map I— I sending ¢ — 1—t.

Construction II1.3.7. [Vertical Concatenation of Homotopies| If f is homotopic
to g and ¢ is homotopic to h then f is homotopic to h. Let H be a homotopy from
f to g and K from g to h. We set

H(2t,x)
K2t —1,z)

— ol

(K o® H)(t,z) = {

o= O

IA A
IA A

This is again a continuous function.
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X
& 1 ‘KX
) o
X by =2 ' _‘_<_:>/
'y X/B H
H i ’ X

Proposition 111.3.8. The relation "f is homotopic to g" is an equivalence relation
on the set of continuous maps X — Y.

PROOF. We check the three axioms for an equivalence relation:

e f is homotopic to f via the homotopy obtained by composing f with the
canonical projection 7y : [ x X — X.

e Symmetry is a consequence of the Construction IT11.3.6.

e Transitivity is a consequence of the Construction I11.3.7.

Homotopies behave well under composition of continuous maps:

Proposition I11.3.9. Let f,g: X - Y, h:Z —- X and k: Y — W be continuous
maps. Assume f and g are homotopic. Then:

e ko f and k o g are homotopic
e foh and go h are homotopic.

PROOF. Let H : I x X — Y be a homotopy from f to g:

e We obtain a homotopy from ko f to ko g by composing ko H : [ x X —
Y — W.

e We obtain a homotopy from foh to go f by composing H: I x X — Y
with the continuous map I x Z — I x X given by id; x h.

0

Proposition II1.3.10. Let f,g: Z — X x Y be continuous maps. Then f and g
are homotopic if and only if both projections wx o f,mx o g (respectively wy o f and
Ty o g) are homotopic.
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PROOF. Suppose f and g are homotopic via H : [ x Z — X x Y, then the
two projections mx o H and my o H provides the required homotopies between the
projections. Conversely, assume that we have H, : I x Z — X a homotopy between
mx o fand mx og and Hy : [ X Z — Y a homotopy between 7y o f and 7y o g.
By the universal property of product space, the map (Hy, Hy) : I X Z — X X Y is
continuous and provides the required homotopy between f and g 0

Definition ITI1.3.11. Let X be a topological space and A a subspace. Let f,g :
X — Y be continuous maps with f(a) = g(a)Va € A. We say that f and g are
homotopic relative to A if there exists a homotopy H : [ x X — Y from f to g, that
fixes A for all t € I, ie

H(t,a) = H(0,a)
forallt € [ and a € A.

Exercise II1.3.12. Let X and A be as in Definition ITI.3.11. Show that the
construction of reverse homotopies Construction ITI.3.6 and vertical compositions
Construction I11.3.7 make, as in the Proposition IT1.3.8, the notion of homotopy
relative to A an equivalence relation.

I11.4. Homotopy Types and Homotopy equivalences

Definition II1.4.1. Let f : X — Y be a continuous map. We say that f is an ho-
motopy equivalence if there exists g : Y — X and homotopies H; and H, rendering,
respectively g o f homotopic to idy and f o g homotopic to idy. When two spaces
are homotopy equivalence we say they have the same homotopy type.

Remark II1.4.2. Every homeomorphism is a homotopy equivalence. Indeed, if
f X — Y is a homeomorphism with inverse g : ¥ — X, then we can pick the
homotopies H : I x X — X and H' : [ x Y — Y given by the projection maps.

Remark III.4.3. The composition of homotopy equivalences is a homotopy equi-
valence. This is a direct consequence of Proposition I11.3.9.

A particular type of homotopy equivalence is when we can collapse a space onto a
smaller subspace:

Definition 111.4.4. Let X be a topological space and A a subspace with inclusion
i: A— X. A retraction of X onto A is a continuous map r : X — A such that
rot =id4. A deformation retraction of X onto A is a homotopy H : I x X — X such
that H(0,—) =idx : X — X, H(1,—)(X) = A, and for every ¢, H(t,—) : X — X
satisfies H(t,—), = id4. In other words, H is a homotopy relativity to A from the
identity of X to a retraction.

Remark I11.4.5. If H is a deformation retraction of X onto A then the inclusion
A — X is an homotopy equivalence. Indeed, let f; := H(1,0) : X — X. By
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definition of deformation retract, f; factors as a map f; : X — A and we have
fioi =ida. At the same time, the inclusion io f; : X — A — X give by f; is
homotopic to the identity of X via H

Exercise II1.4.6. Show that C\ {0, 1} deformation retracts onto the space X given
by the union of the circles centered at 0 and 1 of radius %

Exercise II1.4.7. Let X be a topological space and A and B two subspaces. Show
that we can have A and B homotopy equivalent without X \ A and X \ B being
homotopy equivalent.

Exercise 111.4.8. Show that a punctured torus is homotopy equivalent to a wedge
of two circles.

Exercise I11.4.9. Let E be a linear subspace of R™ of dimension & < n. Show that
R™\ E is homotopy equivalent to S"~*-1

Definition II1.4.10. One says that a topological space X is contractible if it is
homotopy equivalent to a point, ie, there exists a homotopy equivalence f : {zq} —
X and g : X — {zo}. In this case the composition g o f is automatically equal to
the identity idy,,y.

Exercise II1.4.11. Show that a space X is contractible if and only if its identity
map idy is null-homotopic

Example 111.4.12. The Example III1.3.5 shows that R™ is contractible for every
n > 0. Indeed, the homotopy H : I x R" — R" given by H(t,z) = t.x gives a

homotopy between the identity at ¢ = 1 and the constant map 0 € R", at t = 0. In
fact, since the point 0 € R" is fixed by the homotopy, this is deformation retract of

the inclusion {0} C R™.
\ A,(_

) -
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Example 111.4.13. The homotopy H of the Example I11.3.5 restricts to the open
interval | — 1,1] and to the closed [—1,1] and shows that both are contractible.

TD, Exo
5.1, Feuille 2

TD, Exo
5.2, Feuille 2

TD, Exo
5.4, Feuille 2

TD, Exo
3.1, Feuille 2
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In particular, since they are both homotopy equivalent to a point, they are homo-
topy equivalent. As a consequence, for any a < b, the intervals |a, b and [a, b] are
homotopy equivalent (use the homeomorphisms of the Example 11.2.16).

Example II1.4.14. The circle S is not contractible (proving this is somehow the
goal of the next chapter ). The inclusion {1} < S' admits a canonical retraction
sending every point of the circle to 1. However, since the circle is not contractible,
this cannot be a deformation retraction.

Example II1.4.15. The sphere S? is not contractible. Proving this is beyond the
scope of this course. See the Remark V.3.23.

Example I11.4.16. The homotopy H of the Example IT1.3.5 restricts to the n-
dimensional disk H : [ x D™ — D" showing that D" is contractible.

TD, Exo Exercise I11.4.17. Let Y be a contractible space. Show that any two continuous
1.2, Feuille 2 maps X — Y are homotopic.

TD, Exo Exercise 111.4.18. Show that a space X is contractible if and only if for any to-
1.3, Feuille 2 pological space Y, any continuous map X — Y is null-homotopic. Show that X is
contractible if and only if for every topological space Z, any continuous map Z — X

is null-homotopic.

TD, Exo Exercise 111.4.19. The Mobius band has a deformation retraction to its equator
2.1, Feuille 2 circle:

Write this deformation retraction explicitly.

TD, Exo Exercise II1.4.20. Show that if X; and X, are homotopy equivalent, and Y; and
2.2, Feuille 2 Y5 are homotopy equivalent, then X; x Y; and X5 x Y5 are homotopy equivalent.


https://www.youtube.com/watch?v=l0xLgyAxi0A
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Exercise 111.4.21. If C' is contractible then X x C' has the homotopy type of X. TD, Exo
2.3, Feuille 2

Exercise I11.4.22. Let f : X — Y and assume f is homotopic toamap g: X — Y TD, Exo

which is a homotopy equivalence. Show that f is a homotopy equivalence. 2.4, Feuille 2

Example II1.4.23. The inclusion S"~! C R"\ {0} admits a deformation retraction.
Indeed, the homotopy

H(t,z) =tz + (1 - t)ﬁ

T
is continuous away from x = 0, fixes the sphere for all ¢ (since if z € S"7!, [|z]| =1
we have H(t,z) = z) and for t = 1, H(1,7) = -, € S L.

=l

N

Exercise I11.4.24. Let X be a topological space and x € X. Let P, X denote the TD, Exo6,
set of all paths in X starting at x. Endow P,X with the subspace topology from Feuille 2
the space Map([0, 1], X) of the Proposition 11.5.64.

(i) Show that the map P,X — X sending a path ~ to its end point (1), is
continuous.
(ii) Show that P, X is contractible.

Exercise I11.4.25. Show that RP? minus a point, deformation retracts into the TD, Exo 8,
image of 9D? in the quotient. Check carefully the continuity of the retract. Feuille 3

Exercise I11.4.26. Let X be a topological space. Show that the cone C'(X) is
contractible.

Exercise 111.4.27. Show that a retraction of a contractible space is contraction.






CHAPTER IV

Category Theory

IV.1. Categories and Functors

Goal TV.1.1. In this chapter we will axiomatize some of the features observed in
the previous for topological spaces. For our purposes, category theory is a conveni-
ent language and an organizational principle. The abstraction of this chapter will
become more meaningful in the next chapter when we introduce the fundamental
group and prove the Van Kampen theorem.

We avoid set-theoretical issues:

Definition IV.1.2. A category C consists of

e a collection of objects, denoted Obj(C);

e for every pair of objects, X, Y, a set of morphisms Hom¢(X,Y). We will
write elements f € Homc(X,Y) as arrows f: X — Y

e For every object X, a distinguished morphism Idx € Homc(X, X) called
the identity of X

e For every triple of objects, X, Y, Z, a composition law

o: Hom¢(X,Y) x Home (Y, Z) — Home (X, Z)

satisfying the following properties:

e The composition law is associative;
e The elements Idx are unit elements for the composition.

Example IV.1.3. The category where objects are sets, morphisms are set-theoretic
maps, identities Idx : X — X are given by the identity maps of sets. and the
composition law is the standard composition of maps. We will denote it by SETS.

Example IV.1.4. The category where objects are topological spaces, morphisms
are continuous maps, the identity Idx : X — X is given by the identity map and
the composition law is the standard composition of maps (since the composition of
continous maps is continuous). We will denote it by TOP.

Example IV.1.5. For any category C with an object X € C, the collection of
morphisms X — Y forms a category, with morphisms v : (f; : X — Y1) — (fo :
X — Y3) given by morphisms u : Y3 — Y5 such that the diagram

63
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XLYl

N

Y,

commutes, forms a category. We denote it by Cx,. and call it the category of objects
under X.

Example IV.1.6. The category of pointed spaces TOP, where objects are pairs
(X, z) with  is a point in X, and morphisms f : (X,z) — (Y,y) are continuous
maps f : X — Y satisfying the condition f(z) = y. This coincides with the category
TOP,, of the Example IV.1.5.

Example IV.1.7. The category with one object 0 and a single morphisms given by
the identity. We denote it by [0].

Example IV.1.8. The category with two objects 0 and 1, the identity of 0, the
identity of 1 and and one single arrow from 0 to 1 is called the interval category.
We denote it by [1].

Exercice IV.1.9. Show that collection of all integers Z forms a category with ob-
jects given by the integers and Hom(n, m) = {x} if a« < b and ) otherwise.

Exercice IV.1.10. Let k£ be a field. Show that the collection of vector spaces over
k together with linear mappings, forms a category, denoted VECT.

Exercice I'V.1.11. Show that the collection of all associative monoids together with
monoid homomorphisms forms a category, denoted MONOIDS.

Exercice IV.1.12. Show that the collection of all groups together with group ho-
momorphisms forms a category, denoted GROUPS.

Exercice IV.1.13. Show that the collection of all commutative rings together with
ring homomorphisms forms a category, denoted CRINGS.

Example IV.1.14. The homotopy category, HO(TOP), whose objects are topo-
logical spaces, and whose morphisms are homotopy classes of continuous maps.
Composition is well-defined as a consequence of the Proposition 111.3.9.

The notion of functor allows us to navigate between different categories:

Definition IV.1.15. Let C and D be categories. A functor F' : C — D consists of
the following data:
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e A map of sets F': Obj(C) — Obj(D), denoted X — F(X);

e For every pair of objects X,Y in C, a map of sets F' : Homc(X,Y) —
Homp (F(X), F(Y));

such that:

(i) F' preserves identities, ie, for every object X € C, we have F(Idx) =
I dF(X);

(ii) F preserves compositions, ie, F'(g o f) = F(g) o F(f)for all morphisms
f:X=>Yandg:Y —-ZinC

Example IV.1.16. Let C be a category. Then the identity assignment sending an
object X to itself and a morphism f : X — Y to itself, defines a functor C — C.
We denote it by Id¢ and call it the identity functor.

Example IV.1.17. Let C be a category. The datum of an object X in C is equivalent
to the data of a functor [0] — C. The datum of a morphism f : X — Y in C is
equivalent to the specification of a functor d : [1] — C, where d(0) = X, d(1) =Y,
d0—1)=f.

Remark IV.1.18. Functors can be composed. If F': C — D and G : D — E are
functors, then the compositions of the maps G o F' on objects and on morphisms
defines a new functor C — E.

Example IV.1.19. Let C be a category with X an object. The assignment Cy, —
C sending an object of Cx, given by X — Y, to the object Y of C, defines a functor
t: Cx, — C called the target functor.

Exercice I'V.1.20. Show that the collection of all categories together with functors
as morphisms forms itself a category, denoted CATS.

Example IV.1.21. The assignment sending a topological space (X, 7) to its under-
lying set X by forgetting the topology, defines a functor

TOP — SETS
called the forgetful functor.

Example IV.1.22. The assignment sending a group to its underlying monoid for-
getting the existence of inverses, defines a functor

GROUPS — MONOIDS
also called the forgetful functor.
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Example IV.1.23. The assignment sending a pointed space (X, x) to its underlying
space X forgetting the marked point defines a functor

TOP, — TOP

Example IV.1.24. The assignment sending a commutative ring (R,.,+) to its
underlying abelian group (R, +) by forgetting the ring structure, defines a functor

CRINGS — ABGROUPS
also called the forgetful functor.

Example IV.1.25. Let M be an associtative monoid. Then we can construct a
category BM as follows: BM contains a single object, denote e;; and endomorphisms
given by

Homgy/(®ys, 007) : = M
Compositions are defined by the associative monoid law in M. The unit of M plays
the role of the identity morphism of ;.

The construction sending M +— BM is functorial, ie, if M — N is a monoid homo-
morphism, then we have a well-induced functor BM — BN of categories. Moreover,
this assignment sends compositions of monoid homomorphisms to compositions of
functors. Overall, this means that the construction M — BM is part of a functor

B : MONOIDS — CATS

Example IV.1.26. Let TOP'P® denote the category of locally path-connected spaces.
The assignment sending a locally path connected space (X, 7) to its set of connected
components mo(X ) defines a functor

7o : TOP"® — SETS
This is the Construction I11.2.9.

IV.2. Isomorphisms

Definition IV.2.1. Let C be a category. A morphism f: X — Y in C is said to:

(i) have a left inverse if there exists 7 : Y — X such that r o f =idx. In this
case we call r a retraction of f.

(ii) have a right inverse if there exists s : Y — X such that fos = idy. In this
case we call s a section of f.

(iii) be an isomorphism if there exists another morphism ¢ : Y — X in C such
that fog=1idy and go f = idx, ie, f has a right and left inverse (which
necessarily coincide).

Example 1V.2.2. [somorphisms of topological spaces are precisely homeomorph-
isms as defined in Definition 11.2.15.



IV.2. ISOMORPHISMS 67

Example IV.2.3. Isomorphisms in the category HO(TOP) are homotopy equival-
ences.

Example IV.2.4. Let us denote by J the category with two objects 0 and 1, their
identities and a unique map 0 — 1, a unique map 1 — 0 such that the compositions
0—=1—0and 1 - 0 — 1 are the identity morphisms. For any category C, the
data of a functor J — C is equivalent to the data of a isomorphism f: X — Y in C.

Exercise IV.2.5. Let C be a category. Show that following are equivalent conditions
for a morphism f: X — Y in C:

(i) f: X — Y is an isomorphism;
(ii) for every object ZinC, the composition maps
Homc (Y, Z) — Homc(X, Z)
sending v : Y — Z to uo f, is a bijection.
(iii) for every object ZinC, the composition maps
Homc(Z, X) — Homc(Z,Y)

sending u : Z — X to f ow, is a bijection

Definition IV.2.6. Let C be a category and X an object in C. An isomorphism
f X — X is called an automorphism. We denote by Autc(X) the subset of
Hom¢ (X, X) spanned by automorphisms.

Remark IV.2.7. Automorphisms form a group under composition.

Remark IV.2.8. Let C be a category and let z and y be two objects in C and
f 2 — y an isomophism. Then f induces an isomorphism of groups

Autc(z,x) — Autc(y, y)

sending an automorphism ¢ of  to the conjugation (f o go f~1). Its inverse sends
an automorphism w of y to the conjugation (f~*owuo f).

This is a map of groups with respect to the composition in C: indeed, if ¢; and g
are automorphisms of z, then

folgrog)of = (fogof ) o(fogof™)

Moreover, given the identity id, of x, we have

fol(id,)oft=foft=id,
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Exercise IV.2.9. We say that a functor f : C — D is conservative if whenever a
morphism v : X — Y in Cis such that f(u) : F(X) — F(Y) is an isomorphism in
D, then u is an isomorphism in C.
(i) Show that the functor from commutative rings to abelian groups that for-
gets the ring structure is conservative.

(ii) Is the functor from topological spaces to sets that forgets the topology
conservative? Hint: check the Example I1.2.20.

IV.3. Natural transformations

Motivation IV.3.1. Let VECTém denote the category of finite dimensional complex
vector spaces. The dual of a vector space V' is the C-vector space V'V of linear forms
A:V — C. A linear map V — W induces a linear map in the opposite direction
WY — V'V and this is compatible with compositions. When V is finite dimensional,
the dual of the dual of V', ie (VY)Y is isomorphic , but not equal, to V: the map

vV — (VY)Y

sending v € V to the linear form ny(v) : V¥V — C given by A — ny(v)(\) := A(v),
defines an isomorphism of C-vector spaces. Indeed, we check that

(i) ny is indeed C-linear: ny (vy + v2)(A) = AMvy + v2) = A(vy) + A(vg) for all
vy, vy € V and ny(a.v)(A) = AMa.v) = aA(v) for all a € C and v € V;

(ii) If V is finite dimensional, then dimcV = dimcVY. This a well-known
result in linear algebra. if {v;,---,v,} forms a basis of V', there exists a
dual basis A1, -, A\, : V' — C with the property \;(v;) = d; ; and extended
by linearity. In particular,

dzch = dimCVv = dz’mc(VV)v

(iii) nv is injective: Let v € V' such that ny(v) = 0. Assume that v # 0. Then
we can complete {v} to a basis {v,vs, -+ ,v,}. By the same argument as
in the previous item, this admits a dual basis Aj,---, \,, with A\;(v) =
ny(v)(A) = 1. This is a contradiction.

Therefore 7y is an isomorphism.

Definition IV.3.2. Let C be a category. We define its opposite category C° to
be the category with the same objects but with the direction and composition of
morphisms reversed:

Homeer (X, Y) := Home (Y, X)

Compositions are defined using the law in C.

Remark IV.3.3. Notice that (C°P)°P = C.
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Example IV.3.4. The construction sending a finite dimensional C-vector space V
to its dual V'V defines a functor

((—)Y)": VECTE" — (VECTE™)™
In particular, taking duals twice, we obtain a composite functor

VECTE" — (VECTE")™ — ((VECTE")™)™ = vECT®

sending V +~ (V¥)¥. This is not the identity functor of VECTL™. The following
definition provides a way of saying that this composite functor is isomorpic to the
identity functor.

Definition IV.3.5. Let F,G : C — D be functors. A natural transformation n :
F — G consists of a collection of morphisms nx : F'(X) — G(X)in D, one for every
object X € C, such that for every morphism f: X — Y in C, the diagram

F(X) 25 G(X)
F(f) G(f)
FY) 5 G(Y)

commutes.

We say that n is a natural isomorphism if the morphisms 7nx are isomorphisms for
every X.

Example IV.3.6. Let us come back to the Example IV.3.4. The maps ny of the
Motivation I'V.3.1 define a natural isomorphism of functors

Id — ((=))Y:
Let us check this: given a map of vector spaces f : V — W we need to check the
commutativity of the diagram

V— (VV)V
W —— (W)Y
One composition gives
v v (v) : A € VVis A(v)]

J

eWY—tlofeVYis (lof)(v)=1LUf(v))]

The other composition gives
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f) ——=[nw(v) : £ € WY = £(f(v))]

so they agree.

Remark IV.3.7. Let C and D be categories and consider functors F,G,H : C — D
together with natural transformations n : F' — G and ¥ : G — H. Then we can
form the composed natural transformation v on : F' — H given for each X € C by

the map ¥ x onx.

Definition IV.3.8. Let C and D be categories. The collection of functors C — D
forms a category with morphisms given by natural transformations of functors. Com-
positions are defined as in the Remark IV.3.7. This category, denoted Fun(C,D) is
called the functor category.

IV.4. Equivalences of Categories

Definition I'V.4.1. Let C and D be categories. An equivalence of categories consists
of the following data:

e a functor F: C — D
e a functor G: D — C
e Natural isomorphisms n: Idc ¥~ Go Fand ¢ : Idp ~ FoG

Terminology IV.4.2. We say that ' : C — D is an equivalence of categories if there
exists G : D — C and natural isomorphisms 7 and ¢ as in the Definition IV.4.1.

Definition IV.4.3. We say that a functor F' : C — D is fully faithful if for every
pair of objects X and Y in C, the map

Hom¢(X,Y) — Homp (F(X), F(Y))
is a bijection.
Definition IV.4.4. We say that a functor F': C — D is essentially surjective if for
every object Y € D there exists an object X in C and an isomorphism F(X) ~ Y
in D.

Theorem IV.4.5. ) A functor F : C — D is an equivalence of categories if and
only if F s fully faithful and essentially surjective.

We will not provide proof for this theorem here.

(*)Uses the axiom of choice.
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Example IV.4.6. Consider the category J of the Example IV.2.4. The functor
ip : [0] — J selecting the object 0 € J defines an equivalence of categories. Indeed,

{Idy} = Homyy(0,0) — Hom(i9(0),i0(0)) = {Ido}
is bijective meaning that 1, is fully faithful. Moreover, iy is essentially surjective:
e 0 =14y(0);
e 1 ~iy(0) via the unique isomorphism in J.
A similar argument can be used to show that the functor i, : [0] — J selecting the
object 1 in J and its identity, is also an equivalence of categories.

Exercise IV.4.7. If F: C — D and G : D — E are equivalences of categories, then
the composition G o F': C — E is an equivalence of categories.

Exercise IV.4.8. Let F : C - D , G : D — C form an equivalence of categories.
Let E be a category. Show that composition with ' and G induce an equivalence of
functor categories

Fun(C,E) — Fun(D, E)

Definition IV.4.9. Let C be a category. The isomorphism relation defines an equi-
valence relation on the set of objects of C. We denote by my(C) the quotient set.

Remark IV.4.10. Let F': C — D be an equivalence of categories. Then F' induces
a bijection mo(C) ~ mo(D).

Remark IV.4.11. Equivalences of categories are something else than isomorphisms
in CATS. By definition F' : C — D is an isomorphism of categories if there exists
G : D — C such that Go F and F o G are equal to the identity functors. This is
equivalent to ask for F' to induce a bijection both on objects and morphisms.

The notion of equivalence of categories is more flexible in the sense that the com-
posites GG o F' andF' o G do not have to be the identities on the nose, but rather
isomorphic. The example Example IV.4.6 illustrates this. Indeed, notice that the
two categories [0] and .J are equivalent but not isomorphic since [0] has a smaller
set of objects.

We will now show that natural isomorphisms are to categories what homotopies are
to topological spaces, with the role of the closed interval [0, 1] played by the category
J. In particular, equivalences of categories are similar to homotopy equivalences of
spaces. To explore this link, we start with the following observation:

Construction IV.4.12. Let C and D be categories. Then we have a natural eval-
uation functor

ev:CxFun(C,D) — D
defined on objects by sending an object (X, F' : C — D) in the product to the object
F(X) in D. On morphisms, if f : X — Y is a morphism in Cand n : F — G
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is a natural transformation, ev(f,n) is defined to be the composite G(f) o nx =
ny o F(f): F(X) - G(Y). We leave it as an exercise to verify that this defines a
functor.

Proposition 1V.4.13. Let C, D, and E be categories. Then the assignment

I‘IOHI(:ATs(E7 Fun(C, D)) — HOHICATs(E X C, D)
defined by sending

a><Idc

E —- Fun(C,D) > ExC—=Fun(C,D)x C—==D
15 a bijection.

PROOF. Left as an exercise. O

Corollary 1V.4.14. Let E = [1] in the Proposition IV.4.13. Then we get a bijec-
tion

HOHICATs([l], Fun(C, D)) — HOHlCATs([l] X C, D)

Let F,G : C — D be functors. This bijection establishes a 1-to-1 correspondence
between the following data:

o A natural transformation n : F — G;
e A functor H : [1] x C— D such that the composition

0] x C %« c 2D
1s equal to F and the composition

11 XIdC
—

(0] x C 1xcZ—D

15 equal to G.
Using a similar argument, we show that
Corollary IV.4.15. Let E = J in the Proposition IV.4.13. Then we get a bijection

Homears(J, Fun(C, D)) — Homears(J x C,D)

Let F,G : C — D be functors. This bijection establishes a 1-to-1 correspondence
between the following data:

o A natural isomorphism n: F — G;
o A functor H : J x C — D such that the composition

0] x C% 7 xc 4D

18 equal to F' and the composition

0] x C% rxc 4D

1s equal to G.
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In particular, we see that the category J plays the role of the closed interval [0, 1]
in the definition of homotopy for topological spaces.

IV.5. Constructions: Products, Quotients, Pushouts, Internal-Homs

In the previous lecture we discussed some operations on topological spaces, such as
products, quotients, gluings, etc. All these make sense in a general category and it
is sometimes better to understand them in their full generality. To understand that,
we will need to become familiarized with the terminology of universal properties.
In vague terms, the universal property of a construction is whatever remains if we
manage to formulated it using exclusively the language of objects, morphisms and
compositions:

Products.

Example IV.5.1. Given two sets X and Y we can form the product set X xY. By
definition, this is the set of pairs (z,y) where x € X and y € Y. But how can this
formulated using only categorical terminology (objects, morphisms, etc)? To start
with, the set X x Y comes equipped with two natural morphisms 7x : X x Y — X
and my : X X Y — Y sending respectively (z,y) — z and (z,y) — y.

What we want to isolate now is the defining properties of (X x Y, 7wx,my) in in the
eyes of all other sets, ie, as an object of SETS

Notice that if Z is another set with maps f: Z —-X and g: Z — Y, we can define
amap Wy, : Z — X XY via the formula

2 (f(2),9(2))

The composition mx o Wy, recovers f and the composition my o Wy, recovers g.
Inversely, given any map ¥ : Z — X x Y we can define maps f and g by composing
with the two projections. These procedures are inverse to each other and establish
a bijection

HomSETS(Z, X X Y) ~ HomSETS(Z, X) X HOIHSE-rs(Z7 Y)

Remark I'V.5.2. [t seems that in the previous example we are just walking in circles
since the we ended up with a formulation of the product of sets that also uses the
product of sets. Indeed, for sets this is redundant, but in general categories, is very
useful as the following definition shows.

Definition IV.5.3. Let C be a category and X and Y objects. We say that the
product of X and Y eaists in C if there exists an object X x Y and morphisms
7x : X XY — X and 1y : X xY — Y such that for any third object Z € C,
composition with 7y and 7y induces a bijection of sets

Homc(Z, X xY) ~ Home(Z, X) x Home(Z,Y)
defined by
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fr=(nxof,myolf)

Under this bijection, by construction if Z = X x Y, the identity Idx«y is sent to
the pair consisting of the two projections (7x, my).

Remark IV.5.4. Diagrammatically, the bijection in Definition IV.5.3 reads as
follows: a pairs of functions (f,g)

X% XlY

corresponds to a unique dotted map that renders the diagram commutative

A
I
I
1
X x Y\
T Ty
X Y

Remark IV.5.5. Notice that to formulate the notion of products in a category C
we need to know a priori that products of sets exist.

Proposition IV.5.6. Let C be a category and X and Y objects. If the product of
X and Y exists in C then it is unique up canonical to isomorphism.

PROOF. Indeed, suppose that we have two candidates for the product, say (X x*
Y, 7wk, 7 ) and (X x2Y, 7%, 7%), with the respective projections. Then in particular,
since we are assuming that (X x?Y, 7%, %) has the property defining the product
as explained in the Remark IV.5.4, we have a canonical factorization &

X x'Y
|

I's
4

77%( XXQY Ty
X Y

But since we are also assuming that (X x!'Y, 7% 7}) is a product, the symmetry of
the argument gives us a factorization ¢ the other way
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It is now clear from this diagram that under the bijection in Definition IV.5.3 the
composition §o¢ is sent to the two projections (7%, 72) and by the bijection formula
defining the product., corresponds to identity map. The symmetry of the argument
interchanging the role of product 1 and product 2 implies that ¢ o § must also be
the identity.

O

Remark IV.5.7. It is important to remark that the product, if it exists, is not
simply an object of C. The data of the two projection maps is equally important as
part of the definition, without whom the definition does not make sense.

Proposition IV.5.8. TOP admits finite products.
PRrROOF. This is an easy consequence of the Exercise 11.5.5. Indeed, this result

tells us that the bijection given by the universal property of products of sets

Hom(SETS)(Z, X x Y) ~ Homggrs(Z, X) x x Homggrs(Z,Y)

is still a bijection when restricted to the subsets spanned by those maps that are
continuous:

HOI’I](TOP)(Z, X x Y) —— HOIIlTop(Z7 X) X X HOIHTOP(Z, Y)

|

Hom(SETS)(Z, X x Y) —— Homsgts(Z, X) x x Homsets(Z,Y)
[

Remark I'V.5.9. By construction, the forgetful functor TOP — SETS sends products
of spaces to products of sets. We say that it commutes with products.

Exercise IV.5.10. Show that he category CATS has products. If C and D are
categories, the product category C x D has objects given by Obj(C) x Obj(D) and
morphisms given by

Homcxp((X1,Y2), (X2,Y2)) := Home (X4, Xy) x Homp (Y7, Y2)
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Compositions are defined coordinatewise.
The projection functors C x D — C and C x D — D are defined in the obvious
way. We leave it as an exercise to complete the proof that this indeed verifies the

universal property of products.

Coproducts. We now turn to the notion of coproducts which capture the prop-
erties of disjoint unions of sets:

Definition IV.5.11. Let C be a category and X,Y objects in C. The coproduct of
X and Y, if it exists, consists of an object X []Y of C together with two morphisms

ix: X = X][Y and iy : Y — X ][]V satisfying the following property: for every
object Z in C the composition with the two maps

(T: XY = 2)— (Toix, Voiy)
defines a bijection
Homc (X [[ Y. Z) ~ Home(X, Z) x Homc(Y, Z)

Example IV.5.12. The category SETS admits coproducts given by disjoint unions
of sets. See Reminder I1.5.13.

Remark IV.5.13. Diagrammatically, the bijection in Definition IV.5.11 reads as
follows: a pairs of functions (f, g)

N A

Z

corresponds to a unique dotted map that renders the diagram commutative

X%}_[%Y

Exercise IV.5.14. Show that coproducts are unique up to canonical isomorphism.

N - -

Proposition IV.5.15. The category TOP has finite coproducts given by disjoint
unions. Moreover, the forgetful functor TOP — SETS commutes with coproducts.
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PrOOF. This is a consequence of the definition for the disjoint union topology
of the Construction I1.5.14. For the universal property we argue as in Proposi-
tion IV.5.8 using Exercise 11.5.16.

Il

Here’s another important example whose relevance will become clear later:

Proposition IV.5.16. The category GROUPS admit coproducts.

PROOF. Suppose G and H are two groups. To construct their coproduct in
GROUPS we need to produce three items:
e a new group G [[ H;
e a group homomorphism i : G = G[[ H
e a group homomorphism iy : G - G[[H

all of these, satisfying the universal property defining coproducts in Definition IV.5.11:
given any third group P the composition with i and Iy

Homeroups (G [ [ H, P) — Homaroups (G, P) x Homeroups(H, P)

must be a bijection. Diagrammatically, as in Remark IV.5.13, this means that
given group homomorphisms f and g

G H

NS

P

we must be able to construct a unique dotted group homomorphism rendering the
commutativity of

(2) G H

In order to motivate the construction of G [[ H, let us observe that whatever P is,
in the situation above we can multiply in P elements coming from G (via f) with
elements coming from H (via g). For instance, if a; and ay are elements of G' and
b and by elements of H, in P we can form the product

flar).g(b1). f(az).g(b2)
There is a priori no reason why we should be able to simplify expressions such as this

one, since there is a priori no relation between f and g. However, not all expressions
are of this form. For instance, the product
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fla1).f(az).g(b1).g(b2)

can be simplified as

f(aj.az).g(b1.b9)

Following this observation start by considering the set of all words in the alphabet
using the symbols given by the elements of G and H

W(G, H) :={x1x9- -2, :7; € Gorx; € H}
By definition, a word is finite. We can consider the quotient set W (G, H)/ ~ under
the equivalence relation defined as follows: whenever two elements of G (resp. H)
appear consecutively in a word, we replace them by the value of their respective
multiplication in G (resp. H). For instance, the word with three letters

aiasby
with a1, as in G and byin H is equivalent to the word with two letters

(al-Gaz)bl
where a;.gas is the multiplication in G.

To conclude, we must also force the equivalence of the empty word, with the word
consisting of the neutral element of G and with the word consisting of the neutral
element of H:

0 ~eq~ey
We leave it as an exercise to show that this defines an equivalence relation.

The set W(G, H)/ ~ carries a natural group structure given by word concatenation.
We leave this as an exercise to the reader. Showing the associativity of concatena-
tions is the most tedious part. Finally, w set

GHH = (W(G, H)/ ~, concatenation)

We now define i to be the map G — G [[ H sending an element a of G to the words
with a single letter a By the nature of the concatenation law, and the equivalence
relation on words, this defines a group homomorphism. Similarly for iy.

Finally, it remains to check that the triple (G[] H,iq,im) satisfies the universal
property of coproducts. Back to the diagram (2) we can now define the dotted map
W: on a word 129 - - - 2, we define

U(z122- - xy) = (f or g)(x1).p(f or g)(z2).p---(f or g)(zn)
using f or g depending if the letter comes from an element of G or H, respectively.
This defines a group homomorphism with the required universal property.



IV.5. CONSTRUCTIONS: PRODUCTS, QUOTIENTS, PUSHOUTS, INTERNAL-HOMS 79

O

Terminology IV.5.17. The coprodut in GROUPS is also called the free product of
groups and sometimes denoted as *

Exercise IV.5.18. Describe the free product Z x Z

Exercise I1V.5.19. Show that ABGROUPS admits products and coproducts and
that they are naturally isomorphic, given by direct sums €p.

Exercise I'V.5.20. Show that in the CRINGS coproducts are given by tensor products
over Z. Use this to show that the forgetful functor of the Example IV.1.24, does
not preserve coproducts.

Quotients relations.

Example IV.5.21. One can reformulate the universal property of the quotient of a
set X by an equivalence relation &% of the Reminder I1.5.18 in the following form:
for any set Z, composition with the quotient map 7w : X — X/% induces a bijection

Homsers(X/ R, Z) ~ HomZers(X, Z)

where HomZks(X, Z) is the subset of Homsgrs(X,Z) of all set-theoretic maps
identifying two points in the equivalence relation, ie, f(x) = f(y) if (x,y) € &.

We can re-write this diagrammatically as follows: consider the diagram

RCXxX—=X

The condition that for a map f : X — Z to be in HomZe1<(X, Z), can be re-written
as the fact that fom = f omg, ie, f equalizes the two projections.

RCX XX —= X
T

foﬂﬁx lf

7z

The universal property of the quotient set then says that there exists a unique dotted
arrow

%CXXX:&X—U(/%

e
7
f 7
1’4

A

fomi=foma
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Definition IV.5.22. Let C be a category and consider a diagram of the form
g
Y —X
!

Let Z be an object in C. We denote by Hom’?(X, Z) the set of morphisms u : X —
Z such that uo f = uog. We say the diagram admits a coequalizer in C if there
exists an object X/Y together with a map 7 : X — X/Y with mo f = m o ¢ and
such that for any object Z in C composition with 7 induces a bijection

Homc(X/Y, Z) ~ Hom{¥(X, Z)

Remark 1V.5.23. Diagrammatically, this means

Y == X " X/)Y
f lu ) v
uo f=uog v <
Z
Fiber products.
Example IV.5.24. Let

E
|

x 2y

be maps of sets. We denote by E x X the subset of the product set X x E formed

Y
by those elements (z, ) such that f(e) = g(z). For any commutative square of sets

P> FE
[l
x 2oy
the commutativity of the diagram guarantees that the induced map P —- X x E
factors through the subset £ x X in a unique way
Y

Equivalently, the composition with the two inclusions ¥ x X — F and E x X — X
% %

induces a bijection
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HOHISET5<P, E x X) ~ HOHlSETs(P, E) X HomSETS(P, X)
Y

Homsgrs(P,Y)

Definition IV.5.25. Let C be a category. Let
E
|
x2sy
be a diagram in C. We say that the pullback exists if there exists an object £ x X
together with morphisms pyx : F é X —- X and pg : F 1>§ X - F renderingythe

diagram

xX»” .p

a

X7 .y

E

commutative and such that for any object P in C, composition with pr and px
induce a bijection of sets

Hom¢(P, E x X) ~ Homc(P,E) x  Homc(P,X)
Y Homc (PY)

Remark IV.5.26. In other words, for every commutative square

9

E
Y
Example 1V.5.27. The category SETS has pullbacks. This is a reformulation of
the Example IV.5.24.

Example IV.5.28. Pullbacks exists in TOP. Indeed, given a diagram of continuous
maps



82 IV. CATEGORY THEORY

E

|/

X2y
the set-theoretic pullback £ x X can be endowed with the subspace topology inside
Y

the product topology on E x X. We leave the details as an exercise to verity that
this has the required universal property.

Pushouts.

Definition IV.5.29. Let C be a category and consider a pair of morphisms in C as

7.y

|

X
We say that the pushout exists, if there exists an object X][Y and morphisms
Z
ix : X = X][Y and iy : X — X]]Y in C, rendering the diagram commutative
Z Z

|~<

77

iy

f

%

X X, x

Y

N

and satisfying the following universal property: for any object P, composition with
tx and iy induces a bijection

Homc (X[ [V, P) ~ Home(X, P) . Homc (Y, P)
Z b

Remark IV.5.30. Diagrammatically, this means that for every object P and every
commutative diagram

there exists a unique morphism X][Y — P making the diagram
Z
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72 .y

n
1l

XX x

commute

Example IV.5.31. The category TOP has all pushouts. This has been shown in
the Proposition 11.5.43 as a consequence of the existence of quotient spaces and
disjoint unions.

In fact, the proof that TOP has pushouts is a consequence of a more general fact:

Exercise 1V.5.32. Let C be a category that admits finite coproducts and coequal-
izers. Then C admits pushouts.

Exercise 1V.5.33. Prove that the category of pointed spaces TOP, (see the Ex-
ample IV.1.6) has coproducts given by the wedge sum of pointed spaces (Defini-
tion IL5.50).

Proposition 1V.5.34. The category GROUPS admits pushouts.

PROOF. Consider a diagram of groups

K-—2.H
p
G

We obtain its pushout as the quotient of the coproduct in GROUPS (see Proposi-

tion IV.5.16) G [[ H by the equivalence relation generated by the identification of

two words if one is obtained from the other by replacing a letter f(k) by a letter

g(k) for k € K.

The quotient G][H := G [] H/ ~ acquires a group structure given by concatenation
K

of words and the quotient map is a map of groups.

The two canonical maps i¢ : G — G[[H and iy : H — G][H are given the com-
K K
position of the two inclusions G — G [[ H and H — G [ H with the quotient map.
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We leave it as an exercise to show that this defines the universal property, as a com-
bination of the universal property of the quotient group and the universal property
of coproducts.

O

Exercise IV.5.35. Let C be a category. Consider a commutative diagram in C of
the form

K —— K,
g1 g2
f1
fi H, : H,
G f—>G2

where u, v, w are isomorphisms. Show that the pushouts of the two diagrams

K, -2, K, -2 H,
lfl lfz
G1 GQ

are isomorphic.

Exercise IV.5.36. Compute the pushout Z/3 * Z/2 in GROUPS.

Definition IV.5.37. Let

ZH—Y Zy —— Y,
A
Xli)Pl XQL)PQ

be commutative squares in a category C. A morphism between commutative squares,
is the data of morphisms z : 77 — Z, y: V1 = Yo, 2 : X7 > Xoand p: P, — P,
such that the diagram
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Z —r v

N Y

commutes

Definition IV.5.38. Consider a map of commutative squares as in the Defini-
tion IV.5.37. We say that it is a retract, if each map z,z,y,p has a retract,
respectively, r,, 7, r, and r, and together they form a morphism of commutat-
ive squares, ie, the diagram

Zy —2 Y,

Tz Ty
u2

1
PQ u1l
Y x
v1

X ——h

also commutes. In this case we say that the first square is a retract of the second.

Exercise IV.5.39. Let C be a category. Show that if a commutative square is a
retract of a pushout square in C, then it is also a pushout square.

Internal-Homs.

As in Reminder II.5.54 and Proposition I1.5.64 we would like to say that in a
general category C, given two objects X and Y there exists an object Map(X,Y)
representing morphisms from X to Y.

Definition IV.5.40. Let C be a category with finite products. Let X and Y be
objects in C. We say that the internal-hom of X and Y exists in C, if there exists an
object Map(X,Y') in C together with an evaluation map F : Map(X,Y) x X =Y
satisfying the following universal property: for every object Z € C, the composition
with the evaluation map induces a bijection of sets
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Homc(Z, Map(X,Y)) ~ Homc(Z x X,Y)

Example IV.5.41. The category SETS admits all internal-homs. This is the Re-
minder I1.5.54.

Warning IV.5.42. The category TOP does not admit internal-homs in general.
We have seen that Map(X,Y') has the correct universal property when X is locally
compact. In general in algebraic topology one works with a class of spaces so-
called compactly generated that enlarges that of locally-compact spaces and where
internal-homs always exists. From a point of view of homotopy theory, there is no
loss of information in restricting to such spaces (). One of the advantages of working
with compactly generated spaces is that we eliminate the pathological behavior of
the Warning 11.5.35: a product of quotient maps of compactly generated spaces is
again a quotient map.

Example IV.5.43. The category ABGROUPS admits internal-homs Map(M, N)
given by endowing the set of group homomorphisms Hom(M, N) with the addition
law induced from N: (f 4+ g)(m) := f(m) + g(m).

Example IV.5.44. The category CATS admits internal-homs given by functor cat-
egory Fun(C, D). This is the Proposition IV.4.13.

(See Hovey’s book on Model Categories.



CHAPTER V

Fundamental Group

Goal V.0.1. In this chapter we return to topology and introduce the fundamental
group of a space and prove the Van Kampen theorem. The categorical abstraction
of the previous chapter will finally pay-off.

V.1. The fundamental group

Definition V.1.1. Let 7,8 : I — X be two paths in X with v(0) = 5(0) = =
and v(1) = B(1) = y. We say that they are homotopic as paths if there exists a
homotopy H : [ x [ — X with :

e H(t,0)=~(0),H(t,1) =p(t) forallt € I

e H(0,s) =x and H(1,s) =y for all s € I.
The second condition means that the endpoints of the path remain fixed throughout
time. We call such H a homotopy of paths.

Example V.1.2. Consider X = R? 7 the path of the Example II1.1.3 ~(t) =
(cos(2mt),sin(2nt)) and « the constant path at (1,0). Then the map H : I x I — X
given by

H(t,s) = (1= s)y(t) + s.a(t)
gives an homotopy of paths between v and « since

H(0,s) = (1 —=38)(v(0)) + s.(0) = (1 — s)(1,0) + s.(1,0) = (1, 0)
87
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H(l,s)=(1—s)(v(1)) +s.a(l) = (1 —s)(1,0) +5.(1,0) = (1,0)

AN
S7L

Remark V.1.3. The notion of homotopy of paths coincides with the notion of
homotopy relatively to the boundary 0I as in Definition II1.3.11. In particular,
the homotopy relation on paths forms an equivalence relation: reversing homotopies
gives the symmetry and vertical concatenation of homotopies gives transitivity.

Notation V.1.4. Let X be a topological space and x,y € X. We write hPath(z, y)
to describe the set of equivalence classes of paths starting at x and finishing at y
under the homotopy equivalence relation:

hPath(z,y) := {7 : I — X : v is continuous, and v(0) = z,v(1) = y}/ ~homotery

Given a path v : I — X with 4(0) = x and (1) = y, we write [y] for its represent-
ative in hPath(z,y)

Construction V.1.5 (Horizontal concatenation of homotopies). Let X be a to-
pological space and consider paths ~,7, 5,6 : I — X with v(1) = £(0) and
(1) = p'(0). Assume that v and " are homotopic and that 8 and " are homotopic.
Then the paths ' x+’ and 8 % v are homotopic via the horizontal concatenation of
homotopies
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B, My

l/J-

Hy(2t, 5) (t,s) € [0,

H, oh Hl(t,s) = {Hg(Qt— 1,8) (t,S) c [ , ] X [0, 1]

Here’s a video illustrating this:

:13

> Pl ) o013/036

Lemma V.1.6. Let v, 3, a be paths on X such that v(1) = 5(0) and 5(1) = a(0).
Then the paths o * (5 *y) and (a % ) * vy are homotopic.

PrROOF. We sketch the construction of the homotopy:


https://www.youtube.com/watch?v=JlVnOrSM_vA

V. FUNDAMENTAL GROUP

0 o
",
&)y
/‘\/P\
l/q oL & Cf’* 0—)
0 |
l 3y
- z . (0( *@) ' Y8
H
- 2 ¥(Lag)

“j_‘ ’/2 ‘t {
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l 3/y

A - Q:z 3@.) Y8

H

E H(s,-)

/ (4 )

To make this precise, we construct a function ¥ : I — I such that

(x (B 7)) = ((axB) *7)(?)

together with a homotopy ¥ ~ id;. Composing with (a * ) % v thus gives us the
required homotopy.

Following the picture, we want to go twice faster from 0 to i, same speed from % to

% and twice slower from % to 1

2t te0,4]
U(t)=<t+1 teli, ]
L+l teld

It now follows that ¥ : I — I is homotopic to the identity via the linear interpolation

H(s,t) = (1 —s)id(t) + s. V()

Here’s a video illustrating this idea:
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Lire (k) |

> Pl o) o004/058

O

Lemma V.1.7. Let y be a path. Let x = v(0) and y = v(1). Let ¢, denote the
constant path at x and c, the constant path aty. Then v *c, is homotopic to v and

cy * 7y 1s homotopic to 7.

PRrROOF. We sketch the construction of the homotopies:

Cx



https://www.youtube.com/watch?v=qLi9-e8owSI
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CA

s ?“&Cx"’a/

\

(=] 1

Here’s a video illustration:

> Pl ) o11/1:00

O

Proposition V.1.8. Let X be a topological space. Then the points of X are the
objects of a category 111 (X) where

I (X)(z,y) := hPath(z,y)

and composition is given by concatenation of paths.


https://www.youtube.com/watch?v=ZwTYUZPby1Y
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PROOF. The existence of a well-defined composition law is established by the
Construction V.1.5. The associativity of compositions is a consequence of Lemma V.1.6.
Finally, identities are given by constant paths as shown in Lemma V.1.7. U

Lemma V.1.9. Let X be a topological space. Then every morphism in I1;(X) is an
1somorphism.

PROOF. We show that v and ,., provide inverse morphisms in IT; (X ). Namely,
that 7 % 7., is homotopic to the constant path with value (1) and e, * v is
homotopic to the constant path with value 7(0). We sketch the construction of the
homotopy in the second case:

The first case follows from a similar construction.

Here’s a video illustrating the situation:
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>

) 000/0:50

O

Definition V.1.10. A category C where every morphism is an isomorphism is called
a groupoid.

Definition V.1.11. The groupoid IT;(X) associated to a topological space X is
called the fundamental groupoid of X.

Remark V.1.12. We have a canonical isomorphism of set 7o (II; (X)) ~ mo(X).

Notation V.1.13. The collection of groupoids forms a category: objects are group-
oids and morphisms are given by functors between groupoids. We denoted it by

GROUPOIDS
Example V.1.14. Let X = % be the point. Then II;(x) = [0].

Terminology V.1.15. Let X be a topological space and x € X. A pathy:1 — X
with v(0) = (1) = z is called a based loop at z.

Remark V.1.16. If v : I — X is a loop based at x € X then ~ factors through the
quotient [0,1]/(0 ~ 1) ~ S — X sending 1 € S* to x. See the Example I1.5.33.

Corollary V.1.17. Let X be a topological space and x € X. The set of homotopy
equivalence classes loops based at x forms a group under the concatenation law for
paths.

PROOF. Indeed, it remains to observe that if C is a groupoid, and x is an object in
C, then the inclusion Autc(z) € Home(x, x) is an equality and therefore Home(z, )
is group since every morphism has an inverse with respect to composition. Applying
this to = € II;(X) we get the result. O


https://www.youtube.com/watch?v=xXqKMyjuLRE
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Definition V.1.18. The group obtained in the Corollary V.1.17 is called the fun-
damental group of X at x and denoted by m (X, x).

Example V.1.19. Let X = %, then m(x,*) = {0} is the trivial group.

Definition V.1.20. A groupoid C is said to be connected if for every pair of objects
X and Y there exists a morphism X — Y. Equivalently, m(C) =~ .

Remark V.1.21. Since in Definition V.1.20, C is assumed to be a groupoid, the
condition is equivalent to asking for the existence of a morphism Y — X: since
any morphism is an isomorphism, we can take its inverse. In particular, for any
two objects X and Y in C, the groups of automorphisms Autc(X) and Autc(Y') are
isomorphic as groups, via the conjugation of the Remark I'V.2.8.

Proposition V.1.22. Let X be a topological space. Then I1;(X) is connected as a
groupoid if and only if X is path-connected.

PROOF. Obvious from the definition of morphisms in IT; (X') as homotopy classes
of paths. O

Corollary V.1.23. When X is path connected, the fundamental groups m (X, x) do
not depend on the choice of the base points x.

Proposition V.1.24. The construction of the fundamental groupoid of Proposi-
tion V.1.8 defines a functor

IT; : TOP — GROUPOIDS

ProoOF. If f: X — Y is a continuous map, then we have a well-defined functor
I (f) : 3 (X) — II;(Y) defined on objects by z € X — f(x) € Y and on morph-
isms by sending a homotopy class of paths [y] : © — y to the homotopy class of
[fov]: f(x) = f(y). This is well-defined on homotopy classes because a continuous
map can be composed with homotopies as in Proposition I11.3.9. Compatibility
with compositions is a consequence of compatibility with concatenations. Compat-
ibility with units comes from the fact f sends to constant path to the constant path,
and again, is compatible with homotopies.
It remains to check that if f: X — Y and ¢ : Y — Z are continous maps, we have
I1;(g) o II;(f) = (g o f). This as an exercise. O

Proposition V.1.25. The functorIl; : TOP — GROUPOIDS commutes with products.

ProoF. This follows because a continuous path on the product space X x Y
is by universal property of products, a path on X and a path on Y. By the same
universal property, homotopies of paths on X x Y are also defined coordinate-wise
(see the Proposition IT1.3.10) so the result follows. More precisely, this implies that
the canonical map

I (X x Y) — I (X) x IL(Y)
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induced by the universal property of products in GROUPOIDS is an isomorphism of
groupoids. O

To conclude this section we want to show that homotopy equivalent spaces have
isomorphic fundamental groups. The proof of this result rests on the following
construction and lemma:

Construction V.1.26. Let us consider the functor ¥ : J — II; (1) given by sending
0 to the point 0 in 7 , 1 to the point 1 in I, the unique morphism 0 — 1 in J to the
homotopy class of the continuous path from 0 to 1 given by v = Id; and the unique
morphism 1 — 0 in J to the same path traveled in reverse sense. This is a well-
defined functor because II;(/) is a groupoid as seen in the proof of Lemma V.1.9.
We are merely selecting an isomorphism and its inverse.

Lemma V.1.27. The functor ¥ : J — I1;(I) is an equivalence of categories.

PROOF. We first show that the functor is fully faithful. This is to say that there
is a unique homotopy class of paths in the interval, ie, if y;,7, : I — [ are two paths
in the interval with 7,(0) = 72(0) = 0 and (1) = 12(1) = 1. Then the homotopy
H(s,t) := (1 — 8)71(t) 4+ s.72(s) defines a homotopy between the two paths, fixing
the endpoints. This shows that the functor is fully faithful.

To see that it is essentialy surjective, it is enough to observe that the interval is
path-connected, and therefore every point in the interval can be connected to 0 by
a path.

O

Remark V.1.28. The composite functor ¥ : [0] — II; () selecting the object 0 € T
is an equivalence of categories. This follows from the Example IV.4.6, together
with the Exercise IV.4.7.

Proposition V.1.29. The fundamental groupoid functor
IT; : TOP — GROUPOIDS

sends homotopies of continuous maps to natural isomorphisms of functors. In par-
ticular, it sends homotopy equivalences of spaces to equivalences of groupoids.

PRrROOF. Using the Remark V.1.28 we see that if H : [ x X — Y is a homotopy
between two maps f,g : X — Y, then the induced functor Ty (H) : TI;(I x X) —
1, (Y), thanks to the Proposition V.1.25 is the same as a functor

I (1) x T (X) — I, (Y)

The composition with the functor J — II;(/) of Remark V.1.28, produces a com-
posite functor

T x L (X) = IL(I) x TL(X) — TI(Y)
But this is precisely the data of a natural isomorphism between the functors I1; (H (0, —))
and IT, (H (1, —)) as explained in the Corollary IV.4.15 O
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Corollary V.1.30. The fundamental groupoid functor 11, : TOP — GROUPOIDS
sends homotopy equivalences of spaces to equivalences of categories. In particular,
homotopy equivalent spaces have isomorphic fundamental groups.

In order to give an explicit description of how the Corollary V.1.30 applies to
fundamental groups concretely, we need the following easy lemma:

Remark V.1.31 (Square Lemma). Let I x I = [0, 1] x [0, 1] be the square. Consider
the paths obtained by traveling along the four sides of the square:

a:[0,1] =>IxI t—alt):=0,1—-¢t) , B:[0,] =>IxI t— B(t):

(t,0)

v [0, =IxI t—~t):=1,1—=t) , 0:[0,1] > I x1 two(t):=(t1)

@]

Then, the two concatenations [ * « and ~ % o are homotopic. We extract this as a
consequence of the isomorphism of groupoids of the Proposition V.1.25:

Hl(I X ]) ~ Hl(I) X Hl(I)
Let us denote by ¢ : I — I the path in I from 0 to 1 given by the identity: ¢ — ¢
and by 4, : I — [ its inverse path, ie, t — (1 —t). Let us also write ¢y and ¢; to
denote the constant paths respectively at 0 and 1 in /. Paths in a product space are

determined coordinate-wise. It follows that coordinate-wise, the paths 7,5, ¢ and «
are given by

a = (co,iimw) B = (i,c0)

V= (Chimv) 0 = (i701)

Therefore, their concatenations, coordinate-wise are given by

V*J:(Cl*aiinv*cl) B*a:<i*00700*iinv)
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But in the proof of the isomorphism of groupoids Iy (I x ) ~ Iy () x IT; (1) we used
that homotopies in the product are also determined coordinate-wise. And we know
that coordinate-wise we have ¢; i ~ i and i, * ¢1 ~ Ui, (by the Lemma V.1.7)
so that using this homotopies in each coordinate, we get

7 *0 ~ (27 iinv)

Also coordinate-wise, we have homotopies i x cg ~ ¢ and ¢g * ;5 ~ %iny, SO that

6 * Qo (iviin’u)

Finally,
Bk a~ (i) ~y*0

Exercise V.1.32. Use the square lemma to show that homotopy classes of paths
(using homotopies that do not fix the endpoints) are in bijection with conjugacy
classes of paths up to homotopy of paths fixing the endpoints.

Remark V.1.33. Let us unfold the content of the proof of the Corollary V.1.30 in
in concrete terms for the fundamental groups: assume fi, fo : X — Y are homotopic
via a homotopy H with H|, = f; and H|, = f,. For each x € X, the homotopy H
provides a path a, := H(—,x) : [0,1] = Y from fi(z) to fo(z). Let [7] € m (X, z),
represented by a loop 7 : [0,1] — X. Then we can form the composition

id] Xy

Ix ] ———s

XxI—T Ly

(t,s) — (v(t), s) = H(s, (1))
Using the Remark V.1.31, this provides a homotopy between the sides of the square:

(f2o'}/)oa:c Naxo(flo’)/)
In other words, conjugation with the path «, makes the diagram commute

7Tl<X,Q?) ﬂ)ﬂ-l(}c fl(x))

J(fz)s/1

(Y, fa())

Now, assume f : X — Y is a homotopy equivalence with inverse ¢ : ¥ — X and
homotopies H; between g o f and idx and Hs between f o g and idy. Then (idx).
differs from (g o f). by a conjugation, so that (g o f). is an isomorphism. The same
for idy-.

TD 3, Exo 1
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Example V.1.34. Let X be a contractible space and x € X any point. We have
m (X, z) = {0}. Indeed, the homotopy equivalence between X and %, by the previous
corollary, induces an equivalence of categories between II;(X) and II; (%) = [0]. In
particular:

e m(R",0) ={0}.

o m (D" 1) ~m (D" 0)={0}.

Definition V.1.35. A space is said to be simply-connected if it is path-connected
and 7 (X, z) = {0} for all z € X.

Exercise V.1.36. Show that the space in the Warning IT11.2.7 is simply-connected.

Exercise V.1.37. Show that 71 (X, z) can be identified with the set of base-point
preserving homotopy classes of base-point preserving maps (S!,1) — (X, ).

The goal of the next section is to compute the fundamental group of the circle. In
particular, our computation will show that the circle is not simply-connected.

V.2. Fundamental group of the circle

We now turn to the computation of 71(S*,1). The inspiration comes from the
Example 1.2.12 where the circle is somehow the simplest space where every corridor
(path) brings us back to the same room and at the extreme opposite we have R,
where every path brings us to a different room. These two extreme opposites are
related via the exponential map exp : R — S! of the Example 11.2.19 defined
on cartesian coordinates by = +— (cos(2mx),sin(27z)). We have already seen that
the periodicity of the cosinus and sinus function imply that the exponential map
is a quotient map Example I1.5.25 and Exercise 11.5.32. We can visualize it as
wrapping the real line around over the circle:

(1.0)

)- 0

Picture from Hatcher’s book.


https://pi.math.cornell.edu/~hatcher/AT/AT+.pdf
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Construction V.2.1. For each n € Z, we denote by s,, the path [0,1] — R given
by

sp(t) =tn
We define a path on the circle

Vn i= €Xp OSy,

explicitly, it is given by
Yn(t) = (cos(2mnt), sin(2mnt))

Notice that since 7,,(0) = ¢’ = 1 and ,,(1) = e*™!" = 1, 4,, defines a loop based at
l1esh

We remark that the concatenation ' := 7y % - - % 7, is homotopic to 7,. To check
—_———

why this is true, let us first denote by s?,; : [0,1] — R the path from n to n +1

given by 57, ,(t) = (1 —t)n+t(n+ 1) = n+t. Notice that the exponential function

makes

eXp 081 = eXp 05,

because

2mit _ 627rzt.1 — 627rzt+27rm 2mi(t+n)

(& = e

for every n € Z. Therefore, the concatenation ] can also be written as

1

7l = expos” ! % -+ % exp 05y * exp 08;

which is the same as concatenating first the paths s} 41 in R and then applying the
exponential map

A =expo(st k- 55k 51)

The path s % --- % s} % s; is a path from 0 to n. Since R is contractible,
every two paths with the same end-points are homotopic (its fundamental group-
oid is equivalent to the trivial category). Therefore, s"1 x --- % sl x s; is path-
homotopic to s,. If we want a precise formula, we can use the homotopy H(A,t) =
(1 = N)sp(t) + A(s" 1%+ % s) % s1)(t). Applying the exponential map, we deduce
that ~, is homotopic to ~7.

It follows that 7, * ,, is homotopic to ¥} x 4™ = 4"t which is then homotopic to
Ynt+m- This implies that the assignment

U:Z—m(Sh1)
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sending n > [v,] is well-defined and is a group homomorphism with respect the
additive law in Z.

Theorem V.2.2: Fundamental Group of the Circle

The group homomorphism

U:Z—m(Sh1)

n = ]
is an isomorphism of groups.

Since the paths v, were constructed using the exponential map, the proof of this
theorem relies on some fundamental properties of the exponential map. The first
concerns the surjectivity of ¥, telling us that a loop in the circle is always homotopic
to one of the ~,’s:

Definition V.2.3. Let p : E — X be a morphism in a category C. A lift of

f:Y — X along p is the data of a morphism f : ¥ — F making the diagram
commute

Lemma V.2.4. Every path v on the circle can be lifted along the exponential map
to a path in R.

0,1 ——S!

This lifting is unique if we fix the starting point in R.

In order to prove this result we will need to delve deeper in the properties of the
exponential map. Motivated by the picture above, we will explore the fact that the
exponential function is, at least locally, a homeomorphism.

Example V.2.5. Let us consider U,;4; the right side of the circle, ie, those points
(x,y) € S! C R? with x > 0. The subset Upight 1s the intersection of the circle
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with the open subset of R? with strictly positive xz-coordinate. and therefore, by
definition of the subspace topology, Uyign: is open in S'.

right

1

(Picture take from Munkres, Topology)
The pre-image exp ™ (Uyignt) = {x € R : cos(2mz) > 0} consists of a disjoint union
of open intervals V,, :=Jn — I,n +

-3 -2 -1 0 1 2 3

v_, v_, v_, v, l v, v, v,

(Picture take from Munkres, Topology)
and restriction of exp to each of this intervals induces a homeomorphism

expy, Vi = Uright

Indeed, restrict to each closure V,, the function x € V,, ~— sin(27x) is injective (since
it is strictly decreasing in these intervals). Moreover, as a map V, — U it is sur-
jective. We use the criterium of the Proposition I1.3.22. to deduce that V,, — U
is a homeomorphism. Indeed, we just checked it is a continuous bijection. It re-
mains to observe that U is Hausdorff as a subspace of S' which is Hausdorff, and V,,
is a closed interval, therefore quasi-compact. It restricts to a homemorphism V,, to U.

In more concrete terms, the local inverse of expy, is given by a local branch of the
complex logarithm: recall that our exponential function is defined as the restriction
of the complex exponential C — C* sending z + e® to the imaginary line 277.R C C.
The complex logarithm log is defined on every open subset of C obtained by removing
half a line. In our case,

Upight C St CcC\{z: Re(z) <0}

so on Uygne the complex logarithm
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arg(w)
2

10g,ignt * Urighe = C,  w = In(|w]) +

with arg(w) €] — m, [, provides a local inverse to Vj — U,jgn:. Changing the range
of the angle by adding 27n we find the explicit local inverses to V,, — Uyignt.

One can now apply similar arguments to the open subsets of the half-circles

Uiower = {(2,y) € St:y< 0}

Uep = {(z,y) € St:z <0}

Uupper = {(2,9) € St y > 0}

Here’s a picture of what we get

U [N Sﬁ[, V) urplh

LR
:_e o . i i " -
-1 -1 o 1 'L
OO STt ey g7e 0P
£ $
UiV ol | Y| A
ol Dol ' il I } i
-1 ‘ =1 o ‘ } L
PO i Ll :
-1 ‘ - e K oL

using the sinus or cosinus functions respectively.

Here’s a video illustrating this discussion:
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MORE VIDEOS

P o) 005/035

Let us resume the content of the Example V.2.5 as follows:

Proposition V.2.6. Consider the exponential map exp : R — S'. Then for every
point in the circle x there exists an open neighborhood U C S' such that exp=(U)
18 equal to a disjoint union of open subsets V,, in R such that expy, Vo = U isa
homeomorphism.

PROOF. Take the open subsets Uignt, Use i, Uuppers Uower- Any point in the circle
belongs to one of these subsets and all of them satisfy the required property. 0J

PROOF OF THE LEMMA V.2.4. Let v : [0,1] — S' be a path. The starting
point y(0) is contained in at least one of the four U,ignt, Useft, Unpper, Ulower Of the
Proposition V.2.6. Without loss of generality suppose 7(0) € Upigne. As we follow
t € [0,1], v will travel between the different Uyignt, Use e, Uuppers Utower SO We can
choose a partition of the interval [0, 1] as a union of finitely many closed sub-intervals

[O’ al]v [a1> a2]7 B [am 1]

such that each one of the y([a;,a;41]) is fully contained in one of the four U,gn,
Uleft7 Uupper or Ulower (*)

For instance, since we have assumed v(0) € Uy;gnt we can assume ([0, a1]) C Uyigne-

Fix zy a lift of 79. Then x(y belongs to one and only one of the V,,’s. Suppose
without loss of generality it belongs to the V5. The map eXpy,, Vo — Uyigne has an

inverse expl_v1 : Upignt — Vo. Since ¥([0, a1]) C Uyigne, we can form the composition
0
eXp|_V1 MV [0,a1] — V4. This gives us a path in Vj from zp = exp‘_v1 (7(0)) to
0 ’ 0
Ty = eXp|_V(1) (v(ay)) in Vj.
Now v(ay) belongs to one of the Uright, Usest, Uupper OF Ulower. Say it is Ugown

and assume again, without loss of generality that this choice is also such that
Y([a1,a2])) € Udown- Write exp ! (Ugown) = [, Wn as a disjoint union of open

)In fact a careful proof of the existence of this partition requires the Lebesgue covering
dimension of Example V.3.11 below.


https://www.youtube.com/watch?v=Xse7IpEgk64
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subsets, each mapping homeomorphically to Ug,y,. Let Wi be the unique one con-
taining .

Notice that W intersects V; (x; belongs to both).

Then eXPy,, W1 = Ugown is a homeomorphism with inverse eprW1 : Ugown — W1
Consider the composition expf‘;1 Y|y - la1,as] — Wi. This a path in W) from z4

. o -1
to a point z5 1= exp; OV ja;.ag (02)-

The pasting lemma (Exercise I1.2.14) applied to decomposition of the interval [0, as]
as a union of the closed sub-intervals [0, a;] and [a1, as], allows to glue the first lifted
path from zy to x; with this new lifted path from z; to x5 to form a continuous
path [0, as] — R.

We now proceed by induction until reaching the last interval [a,, 1]. The resulting
path 7 : [0,1] — R obtained from the pasting lemma is a lifting of 7. Indeed p o7y
can be checked locally to match with v, as the construction so forces.

Notice that the resulting lift does not depend on the fact that we used the covering
{Uvights Uiest, Uiower, Uupper }- Any open covering satisfying the property of the Pro-
position V.2.6 will allow us to construct a lift. The fact that the local inverses to
the exponential function are unique (given by the logarithm), implies that the lift
is unique.

O

Remark V.2.7. The proof of the Lemma V.2.4 provides liftings for loops based at
1 €St Ify:[0,1] — S!is a loop based at 1, there is a unique lift ¥ : [0,1] — R
starting at 0 € R. Since exp(7(1)) = v(1) = 7(0) = 1, we have 7(1) € Z. More
generally, for any lift 7 of a loop v based at 1, independently of the choice of the
starting point, the difference 7(1)—%(0) belongs to Z because exp(7(1)) = exp(7(0)).

Example V.2.8. Here’s an example of what we get for constructing the lift of ~,
in S':
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Upigh Vorts

—-e
e
O—t—j—Q
O—s=p0 O-p-=—0
=0 © | L
P—-
~ (’-A——-he
o— — —0
To

Proposition V.2.9. Let v : [0,1] — S' be a loop based at 1 € S*. Then every two
lifts of v differ by a translation by an integer in R.

PROOF. Let 7; and 75 be lifts of v
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R

U A
Y172 o
/ exp

s

0,1 X—S!

Observe that both 72(0) and 7;(0) are integers since being a lift of 1, we have
1 = exp(2mi72(0)) = exp(27i71(0)). Therefore, the difference

n = 32(0) —71(0)

is an integer. We now claim that

P2(t) = () =
for all t € [0,1]. Clearly, since exp(2mia(t)) = Xp(2m 1 (t)) for all ¢t € [0, 1], we
have exp(2mi (Y2(t) —71(t))) = 1 for all ¢ € [0, 1]. Therefore, the function [0,1] — R
given by t — 7a(t) — 71(t) takes values in Z C R. By construction this function
is continuous since it is given by the difference of two continuous functions. Since
[0, 1] is connected, this function must be constant (Remark I1.6.3). But we already

know that at 0 its value is n.
OJ

Construction V.2.10. Let v : [0,1] — S! be a loop based at 1 € S'. Let 5 be any
lift of 4. The integer number

deg, :=7(1) —7(0)
is well-defined, ie, it is independent of the choice of lift 7. We call it the degree of ~.

Example V.2.11. The based loops v, = expos, have s, has a lift and therefore
degree n = s,(1) — s,(0).

Proposition V.2.12. If v and B are two base loops at 1 in St and v x 3 is their
concatenation, then

deg..; = deg. + degg

PROOF. Let zg be a lift of 5(0) and let 5 be the unique lift of [ starting at
zo. Since (1) = v(0) = 1, take the unique lift 5 of v starting at =1 := B(1). The
concatenation 7 5 is a lifting of the concatenation v 5. Since the degree does not
depend on the choice of the lifting, we have

deg,.5 =7 * B(1) =7 * B(0) = F(1) - B(0)
But since 3(0) = 3(1), we have

F(1) = B(0) = F(1) — F(0) + B(1) — 5(0) = deg,, + degj
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Proposition V.2.13. If vy and 8 are two based loops at 1 in S* that are homotopic,
then

deg, = degg

The proof of this result relies on the observation that the the strategy used to lift
paths also works to lift homotopies:

Lemma V.2.14. Let H : I x I — S' be a homotopy of paths, between v and 3
having the same endpoints. Fix xy € R a lift of exp(xzo) = v(0) = B(0). Then the
homotopy H admits a unique lifting to a path homotopy H:1x1I—R between the
unique lifting ¥ of v at xo and the unique lifting B of B at xy.

PROOF. Choose a subdivision of the square I x I in small enough squares
such that for each small square K;, the image of H(Kj;) is fully contained in one of
the open intervals Uyignt, Uet, Uuppers Ulower- This is possible again by the Lebesgue
covering argument that we will see in the next section.

Rename U; the open where H(K7) is fully contained. The point z is contained in
only and only one of the disjoint open intervals in R in exp~*(U;). Name it V; and
use the local inverse of exp\jl1 : Uy — V] to define the composition

e:cp;ll o H|K1 Ky —->U =V

One now proceeds by induction using the pasting lemma, gluing this homotopy along
the squares Kj.

The result is a continuous map H : IxI — R. It remains to check this is a homotopy
of paths between 7 and B But H (0,—) : I — R provides by construction another
lifting of ~, starting at zy. By the unicity of the lifting once a starting point is
fixed, we must have ﬁ((), —) =7. The same argument shows that ﬁ(l, —)=4. To
show that H is a homotopy of paths, it remains to explain why the endpoints of
ﬁ(s, —) remain fixed for all s € I. But notice that by construction ﬁ(—, 0): 1 —R
provides a lifting for the constant path with value v(0) = £(0). This is because
by assumption H is a path homotopy and therefore H(,—0) is constant equal to
~v(1) = B(1). By uniqueness of the lifting, ﬁ(—, 0) : I — R must therefore be the
constant path (since the constant path also provides a lifting). The same argument
for ﬁ(—, 1) : I — R explains why it must also be a constant path. 0

PROOF OF THE PROPOSITION V.2.13. Consider § and ~ as in the statement
of the Proposition V.2.13 and H a homotopy of paths between them. Since the
degree does not depend on the choice of lifting, fix the unique liftings 7 and B starting
at x = 0, together with the unique path homotopy H given by the Lemma V.2.14.
Since H is a homotopy of paths, the endpoint H (s, 1) is independent of the parameter
s in the homotopy. Therefore,

deg, = H(0,1) = H(s,1) = H(1,1) = deg,
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O

Corollary V.2.15. The map sending an homotopy class of based loop at 1 € S, [7]
to its degree, defines a group homomorphism

deg : m(S',1) = Z

which s an inverse of W.

PROOF. The fact that deg o ¥ = idz is a consequence of the Example V.2.11
and the fact that the degree does not depend on the choice of the lifting or the rep-
resentative of the homotopy class. This implies that W is injective. Since we already
knew it U was surjective thanks to the lifting property for paths (Lemma V.2.4),
the Theorem V.2.2 is therefore proved, as is this corollary. U

Example V.2.16. There can be no retract for the inclusion S' < D?. Indeed, if
there was a retract, we would have also a retraction for the induced map of groups
Z ~m(S',1) — m(D? 1) = {0}. But clearly this is not possible since the identity
of Z cannot factor through 0.

Exercise V.2.17.
(i) Let
X0§X1§X2§"'§X3=UXi
i>0

be a sequence of inclusions of Hausdorff spaces where X is equipped with
the inductive limit topology: a subset U C X is open if and only if each
intersection U N Xj; is open in Xj;.

Show that a compact subset K C X is contained in some Xj;.

(ii) Use (7) to show that for every n and choice of xy € Xy, the canonical map

colim,, m (X, zo) — m1 (X, x¢)
is an isomorphism of abelian groups. ¥
(iii) Use the sequence of inclusions along the equator
s'cs’csic. | S =5~
i>0

to show that S* is simply-connected.

(D'We have not defined general colimits/inductive limits in these notes. So in this exercise we
assume this is known from elsewhere.
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Exercise V.2.18. Show that if the circle S! had a trivial fundamental group, then
all topological spaces would have a trivial fundamental group.

V.3. Van Kampen theorem

The Theorem V.2.2 finally gives a precise sense to the claim in the Example 1.2.12
that the group associated to the circle is the free group in one generator (ie, Z).
We would like now to finally prove the claim that the group associated to the space

Stvst
(O

(Picture taken from Hatcher’s book)

is the free group with two generators a and b as claimed in the Remark 1.2.11.
Proving this is the goal of this chapter. The general phenomena behind is the
content of the following theorem

Our main goal in this section is to prove the following theorem:

Theorem V.3.1. Let X be a topological space obtained as a union of two open

subsets X = U V. Then, the functor 11y sends the pushout diagram in TOP of the
FExample 11.5.48

UNV —V

|

U——X

to a pushout diagram in GROUPOIDS

(3) ILUNAV)——1IL(V)

| |

We proceed in several steps.

Construction V.3.2. Consider a diagram of groupoids


https://pi.math.cornell.edu/~hatcher/AT/AT+.pdf
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such that both functors F' and G are injective on objects. Let us denote by C[[D
E
the category defined by:

e objects given by the pushout in sets Ob(C) [] Ob(D), which since both
Ob(E)
functors are injective on objects, is imply the union Ob(C)|J Ob(D).

e A morphism X — Y consists of a formally composable string,

folifa - faa

where each f; is a morphism either in C or in D and the target object of
fi is the source object of f;11, the source of fyis X and the target of f, 1
is V.19 We consider the equivalence relation on strings generated by the
conditions

— Whenever f; is an identity morphism, we can omit it;

— If f; and f;;1 are both either in C or in D, we can compose it in
that category and replace their two letters by the letter given by their
composition.

— F(u) = G(u) for every morphism w in E.

e Compositions of strings are given by concatenation.

Under this construction C[[D defines a category which in particular is a groupoid,
E
since every string admits an inverse string obtained using the inverses from C and D.

Moreover, it comes equipped with two natural inclusion functors C — C[[D and

E
D — C]|D.
E

Finally, given a commutative diagram of functors

T

OU<——0O

G
—
F
s
—_—

NO<«——m

we define a functor ¥ rendering the commutativity of the diagram

mFormally we can picture it as

X = X, fo X, f1 X, f2 frn-1 X, 1 fn—1 X, =V

although the compositions a priori do not make sense neither in C or in D.
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defined on objects by

@Myz{aX);xec

T(X) XeDbD

(this is well defined on objects because T o G = S o F) . We define it the same
away on morphisms by applying S or 7' to each letter in a word, depending if it
corresponds to a morphism on C or D, and composing the morphisms in P. In case
the letter comes from E, again the fact that T'o G = S o F' garantees the procedure
is well-defined under the equivalence relation.

Exercise V.3.3. Check that the Construction V.3.2 satisfies the universal property
of pushouts in GROUPOIDS

Remark V.3.4. The two functors
(U V) = (V) and I (U | V) = (V)

are injective of objects (objects being the points of X'). So we fall under the condi-
tions of the Construction V.3.2 and have an explicit description of the pushout

H I, (
{(UNV)
Its objects are the points of X and as explamed in Construction V.3.2, a morphism
in I, (U ) [T I (V) is a formal string of composable morphisms
(UNv)

fofife - faa

where each f; is a morphism either in II;(U) or in II; (V). Therefore, each f; is of
the form [v;] a homotopy class of a path ~; either fully contained in U or in V. The
same way, if f; = [v] = [7/], then the homotopy H rendering ; and +, homotopic
must itself also be defined either fully in U or in V.

Following this remark let us provide an equivalent description for the sets of morph-
isms in Hl(U) [T (V).
1(UnNv)
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Definition V.3.5. Let X be a topological space obtained as in the pushout (I1.5.48).
A partitioned path is a path v : [0, 1] — X together with a finite partition of [0, 1]
by closed sub-intervals I;, and such that the for each ¢, v(I;) is either contained in
Uorin V.

Given two partitioned paths (a,{I;}) and (8,{J;}) such that the two partitions
{f;} and {J;} coincide, a partitioned homotopy is a family of homotopies {H; :
[0,1] x I; — X };er where each H; is a homotopy between « restricted to Land [
restricted to I;, that fixes the endpoints of I; and whose image H;([0, 1] x [0, 1]) is
completely inside either U or V', depending on where the path lies.

We consider the equivalence relation on partitioned paths generated by forcing

(. {L:}) ~ (B, {J;}) it

e o and [ coincide as paths, or,

e The two partitions {I;} and {.J;} agree and there exists a partitioned ho-
motopy.

Example V.3.6. Here is a path
With two different partitions:

/Z‘Wa

x

5 %) I, I3 It‘
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r] P e IR TR P 1

o) {

Remark V.3.7. Notice that two partitions {/;} and {/;} of the same path «, have
a common refinement by taking intersections and choosing if want to see the image
in U or in V whenever it belongs to the intersection.

3\ I I3 Iy

2 i oo e e

CAN ) Z{////

CyaoSE

Construction V.3.8. Assume the context of Definition V.3.5. Every partitioned

path (a, {I;}) provides a morphism in II;(U) [] II;(V), namely, the string given
L (UNV)

by

[ahn][ahn_l][alln_Q] T [a|11]

where each chunk of the path is either in U or in V. By the nature of the equivalence
relation on partitioned paths, this descends to the quotient.
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Lemma V.3.9. The induced map from equivalence classes of partitioned paths to
morphisms in the pushout, is a bijection.

PROOF. Indeed, to find the inverse just concatenate all the paths in the word as
paths in X and endowed it with the induced partition coming from the concatena-
tion. 0

We can finally turn to the proof of the Van Kampen theorem: Here is the main
lemma that will guarantee that enough partitions will both for paths and for homo-
topies:

Lemma V.3.10 (Lebesgue number lemma). Let (K,d) be a compact metric space
and let % = {U;}ier be an open cover. Then there exists a constant § > 0 such that
every subspace A C K of diameter less than 6, is contained in one of the U;’s.

PROOF. Foreach z € K pick aradius e(x) small enough such that ball B(x, 2¢(x))
is contained in some of the U;. In particular, the smaller ball B(z,e(x)) is still con-
tained in U;. This is possible because the metric topology has a basis given by open
balls.

Now, the collection { B(xz,€(x))},ex forms an open cover of K. Since K is compact
this cover admits a finite subcover, say {B(x1,€(x1)), -, B(zn, e(z,))}

Take 6 = inf{e(xy),---€(x,)}

Now, let A be a subspace of diameter smaller than §. Let a € A. Then a belongs
to at least one of the B(x;, €(x;))’s, say B(xy,€(z1)). We claim that in this case the
whole A is contained in B(z1,2¢(z1)). Indeed, let ' € A. Then by definition of
diameter we have d(a,a’) < §. But by the triangle inequality, we have

d(d',z1) < d(d';a) +d(a,x1) <+ €e(xy) < 2€(xy)

Since the ball B(xy,2¢(z)) is by construction contained in one of the U, so is A.

O
We will apply this in two ways. First with paths:

Example V.3.11. Let X be as in Definition V.3.5. Then {U,V} forms an open
cover of X. Let v : [0,1] — X be a path. Then {y(U),y *(V)} forms an
open cover of K = [0, 1] which is a compact metric space. Take the constant ¢ in
Lemma V.3.10 and pick a partition of [0, 1] by subintervals I; of size smaller than
0. It follows that the restriction of v to each of the I;’s has image either in U or in

V.
Then with homotopies
Example V.3.12. Let X be as in Definition V.3.5 with {U, V'} an open cover. Let

H: K =[0,1] x [0,1] = X be a continuous map. Then {H 1 (U), H~'(V)} forms
an open covering of K which is a metric space. Since the metric topology in this
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case has a basis by boxes as in the Example I1.5.9, the Lemma V.3.10 guarantees
the existence of a partition of K in a finite number small enough squares, K1, --- K,
such that H(Kj;) is fully contained in U or V. By reducing the size of the squares if
necessary, we can suppose they are all of the same size:

% |z

PROOF OF THEOREM V.3.1. We must show that the induced functor

veILU) [ (V) = mi(x)
m@UNV)

is fully faithful and essentially surjective. The second is automatic since the functor
is by construction bijective on objects. It remains to prove fully faithfulness. For
this purpose we will use the description of morphisms in the pushout as equivalence
classes of partitioned paths (Lemma V.3.9.). In practice, what we have to show is
that, given two points z,y € X, then the map sending a partitioned path (v, {;})
with v(0) = z, and (1) = y to the path ~, sends homotopies of partitioned paths
to homotopies of paths and induces a bijection on the quotient sets

{(v, {5i}) :7(0) = 2,9(1) =y)}/ ~ — {7y :7(0) = 2,7(1) = y}/ ~

The surjectivity of this map comes the existence of partitions for a given path. This
is the Example V.3.11 as a consequence of Lemma V.3.10.

Injectivity: Consider two partitioned paths («, {I;}) and (8, {J;}) and assume they
are homotopic as paths, ie, @ and [ are homotopic via a homotopy H preserving
the endpoints.
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We must show that it is possible to partition H. But this is exactly the Ex-

ample V.3.12.
ﬁé/;, 7

®
(V4

e
NERNRN
NIN
v

=

el

S

2

-

S =S

%
r

We must now show that this gives us a partitioned homotopy. For this we use the
square lemma to produce homotopies of paths respecting the partitions, block by
block, starting from the bottom left square

) |

&
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TP A T
¢

By induction:

J=
2 s
Pt

0 o v
L a —

=

Continuing this process by induction, we a sequence of path homotopies respecting
the partitions
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Corollary V.3.13. Let X be a topological space obtained as a disjoint union of two
spaces X ~ U[[V. Then I1;(X) ~ II1(U) [ (V).

The version of the Van-Kampen theorem of the Theorem V.3.1 is not convenient
for many computations. For all the practical purposes, we will instead work with

the following version:
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Theorem V.3.14: Van-Kampen for groups

Let X be a topological space. Assume that X is obtained as a union of two
non-empty open subsets U and V such that all X, U, V and UV are path-
connected. Let z € U\ V. Then the functor m(—, ) sends the pushout of
spaces

Unv —V
U——X
to a pushout diagram in GROUPS
(4) m(UNV,z) — m(V,z)

| l

m(U,z) —— m (X, 2)
ie

X ~ V. U
mX.)xmVe) o« mUa)

Remark V.3.15. There is also a version of the van Kampen theorem obtained by
considering closed subsets instead of open subsets. You can check the proof here.
We will need need in this this course.

We will deduce Theorem V.3.14 from Theorem V.3.1. This requires some formal
steps:

Construction V.3.16. Let G be a group. In particular, forgetting that the oper-
ation has inverses, G is an associative monoid. So we can form the category BG
of the Example IV.1.25. Since G is a group, this category is now a groupoid. We
have therefore upgraded the functor B : MONOIDS — CATS, to a functor

B : GROUPS — GROUPOIDS

Exercise V.3.17. Show that the functor B : GROUPS — GROUPOIDS of the Con-
struction V.3.16 preserves pushouts. Use the explicit description of pushouts of
groups in the Proposition IV.5.34 and pushouts of groupoids in the Construc-
tion V.3.2.


https://analysis-situs.math.cnrs.fr/Theoreme-de-van-Kampen-version-fermee.html
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Proposition V.3.18. Let C be a connected groupoid. Let ¢ be an object in C and
G := Autc(c) its group of automorphisms. Then the functor

B.: BAutc(c) —» C

sending eq — ¢ and defined by the identity on morphisms, defines an equivalence of
categories.

The data of an inverse ). to B, is determined by the choice of a collection of morph-
isms {aw : ¢ = ' }wec for every object ¢ € C. In particular, it is possible to choose
Q. such that Q.0 B, = id.

PROOF. Indeed, being the identity on morphisms, the functor is automatically
fully faithful. It remains to show that it is essentially surjective. But since C is
assume to be connected, every object ¢ in C is isomorphic to ¢ so B, is essentially
surjective.

An explicity inverse to B, can be constructed by picking a collection of morphisms
{aw 1 ¢ = '}wec for every object ¢ € C: indeed, set Q.(¢') = o, and if f: ¢; — ¢
is a morphism in C, set Q.(f) = a_' o f o a,. By choosing o, = id,, this defines a
functor €2, with .0 B, = id.

To show that B, and €2, form an equivalence of categories, it remains to exhibit a
natural isomorphism of functors A : idc ~ B.o€.. For each ¢ € C, define A\, = ozc_,l.
Then we have for any morphism f : ¢; — ¢ in C, a commutative diagram

—1
1 o= B.Qe(c1)

lf lscﬂc(f):oz%lfac1
-1

Coy &) ¢ = Be(c2)

O

PROOF OF THE THEOREM V.3.14. Let X be a topological space obtained as a
union of two non-empty open subsets U and V such that all X, U, V and UV are
path-connected. Let x € U\ V. Then the functors B, of the Proposition V.3.18
provide a commutative diagram of groupoids
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(5) Bm(UNV,x) Bmi(V,x)
IL,(UNV) J 1, (V)
Bm (U, ) l Bm (X, )

L (U) (X)

This is automatic from the definitions and the fact the base point x belongs to the
intersection.

Now, since all U, V and U NV are path-connected we can choose for every y € X a
path o, : ¢ — y such that if y is in U then «, is a path in U and if y is in V, « is
a path in V and if y is in U NV the two choices of paths coincide. In this case the
associated retraction functors €2, of the Proposition V.3.18 provide a retraction of
commutative squares (5) as in the Definition IV.5.38

(UNV) I,(V)
Bm(UNV,x) Bm(V,z)
I, (U) ‘ T, (X)
e | N
Bm (U, z) B (X, x)

So, by the Exercise IV.5.39 applied to C = GROUPOIDS, we deduce that

Bm(UNV,z) —— Bm(V,2)

l l

Bm(U,x) —— Bm (X, x)

is a pushout of groupoids. It follows now from the explicit description of pushouts
of groupoids in the Construction V.3.2 and the explicit description of pushouts of
groups in Proposition IV.5.34, that the diagram of groups
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(6) m(UNV,z) — m(V, z)

| l

m (U, x) —— m (X, x)

is a pushout.
O

Remark V.3.19. In fact, what we have used in the last part of the proof of the
Proposition V.3.18 when comparing the explicit description of pushouts of group-
oids in the Construction V.3.2 and the explicit description of pushouts of groups
in Proposition IV.5.34, is that the functor B : GROUPS — GROUPOIDS preserves
pushouts.

Remark V.3.20. Let us describe in more explicit terms what we have done in the
proof of the Theorem V.3.14. We wanted to show that the concatenation map

m (U, z) m(U?V@ m(V,x) = m(X, z)

is both injective and surjective. Injectivity follows from the square lemma and the
lebesgue number lemma applied to the square.

To show surjectivity we had to use the fact that U NV is path-connected. Indeed,

if y: 1 — X isaloopin X, the partition of v does not exhibit v as a concatenation
of loops, but rather paths, as shown in the picture:

T4 T2
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T=96 07475 02

gonV

.\(
0

ez 2

v
— €UV

In the proof of the Theorem V.3.14 we made a choice of paths ay, as, a3
Unv Pﬂt.“w»ul"-d =0 C\wo&t du Az_ 1)\3 in Ur\\’
T=qc 7747, 72

gonV

that allow us to write

V= Y6 ks K Ya kY3 kY2 kT
as

7:76*045*045_1*75*74*a4*a;1*73*a3*a§1*042*0451*72*a1*al_l*ﬁyl

and therefore, as a concatenation of loops based at x.

Here’s a video illustrating this
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To prove that the morphism

m (U, x) m(UTwa) m(V,z) = m (X, z)

is injective, we used the square lemma, the Lebesgue number lemma applied to the
square and the fundamental groupoid. In class, we gave a different more direct proof
that avoids the use of the fundamental groupoid. Here’s a video illustrating a direct
argument for the proof of injectivity without using the language of groupoids:

E F 11 N
| | & H
w ™ 5 - N N .

3
Em )
- g m e

Example V.3.21. We can now finally compute the fundamental group of the wedge
of circles S' V S! and compare it to the discussion in the Solution I1.2.2.

b X Ha

(Picture taken from Hatcher’s book)


https://www.youtube.com/watch?v=VGDVdR2b29s&t=451s
https://www.youtube.com/watch?v=j9sjtpUEcQ4&t=7s
https://pi.math.cornell.edu/~hatcher/AT/AT+.pdf
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We consider two open subsets U and V' of the form

U
b a

As shown in the picture, their intersection is path-connected. Moreover, the open
subset U deformation retracts to the circle b and the open subset V' deformation
retracts to the circle a. Moreover, the intersection U NV deformation retracts to
the middle node .

It follows that

m(UNV,z) ~ {0}

By the Van-Kampen theorem for groups Theorem V.3.14, we have a coproduct of
groups

(St v St x) ~aZ % bZ

which, by definition is exactly the free group on two generators.
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Example V.3.22. As an example, let us use Theorem V.3.14 to compute the
fundamental group of the 2-sphere S?. Let N = (0,0,1) and S = (0,0, —1) denote
respectively the northern and southern poles. Consider the open subsets

Uy :=S*\{S} Us:=S*\{N}

Uy is an open subset contained the northern hemisphere and Ug is an open subset
containing the southern hemisphere.

All Uy, Ug and the intersection Uy N Ug = S? \ {N, S} is path-connected so can
apply the Theorem V.3.14 to

(7) UvUs — Us

|

Uy —— 52

Let # = (1,0,0). The fundamental group of S? is then isomorphic to the pushout
of groups

(5%, ) ~ m (Uy, z) * m(Us, )

m(UnNUs,z)
The stereographic projection from the north pole gives a homeomorphism
on : Us = R
Its restriction to the intersection Us N Uy gives one identification ¢g : Us N Uy —

R2\ {0}.

The stereographic projection from the south pole gives a homeomorphism

ngZUN—)RQ

and another identification ¢y : Uy N Us — R%\ {0}.

The fundamental groups are thus given by
m(Un,x) ~{0} m(Us,z) ={0} m({UxnNUg,x)~Z

Since ¢y’ o ¢g is the identity on the unit circle in R\ {0}, the induced diagram of
groups
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(8) m(UnUs,x) — 7 (Us, x)

| |

m(Un,x) — m (X, x)
is isomorphic to

(9) Z——{0}

|

{0} — m (X, )

So, by the Exercise IV.5.35, the pushouts are isomorphic

2 ~ ~Y
m($he) 2mUya) o m(Us @) = {0} £ {0}

~:J1,

But by the explicit description of the pushout of groups in the Proposition IV.5.34
as the free groups generated by words, the result is the trivial group:

(5%, ) ~ {0}

Remark V.3.23. As already mentioned in the Example I11.4.15, the sphere S?
is not contractible. But the computation in the Example V.3.22 shows that S?
is simply-connected, ie, m (S, z) = {0}. In the same way that to prove the circle
S! is not contractible we had to introduce the machinery of fundamental groups,
to show that S? is non-contractible one needs a new kind of machinery, namely,
that of second homotopy groups (X, ). One can show that m5(S?) ~ Z. More
generally, one can associate higher homotopy groups m,(X) for all n > 1. For the
sphere we have 7,(S™) ~ Z showing that none of the higher dimensional spheres are
contractible. These theorems are beyond the scope of this introductory course and
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are really the beginning of the subject of algebraic topology.

Exercise V.3.24. Let n > 2. Show that m1(S™) =0

Exercise V.3.25. Let X be a path-connected space. Compute the fundamental
group of the suspension S(X). Hint: use the Exercise 11.5.52.

Exercise V.3.26. Show that R? is not homeomorphic to R" for n # 2

Exercise V.3.27 (Eckmann-Hilton).

(i) Let M be a set. We suppose M is equipped with two product laws
x:MxM-—M |, e:MxM—M

verifying the following properties:
e Fach law has a unit element, respectively 1, et 1,.
e The map x: M x M — M is compatible with the operation e, i.e.,
(zoa’)x(yoy)=(xxy)e (2 «y)
(a) Show thate 1, = 1,.
(b) Show that the two laws * et e are equal.
(c¢) Show that the two product laws define a single monoid structure
on M that is abelian.
(ii) Let (G,x*,e) be a path-connected topological group.

(a) Show that the group law of G induces an extra group law on 71 (G, e):
If a, 5: [0, 1] — G are two loops in G at e, we denote by a* 3 the new
loop defined by pointwise multiplication in G, a * §(t) = «a(t) * f(t)
for all ¢ € [0, 1].

(b) If o, 5: [0,1] — G are two loops in G at e, we denote by « o § their
path-concatenation. Show that M = m(G,e) with the two product
laws * et o fits in the situation of question (1) above, i.e., the law * is
compatible with o.

(c) Show that o 3,50 v et a % B are path homotopic.

(d) Conclude that 7 (G, e) is abelian.

Exercise V.3.28. Show that any continuous map f : D? — D? admits a fixed
point.

Exercise V.3.29. Show that any complex polynomial which is non-constant, admits
at least one root.

Exercise V.3.30. Let 5 be the compact connected surface obtained by connected
sum of two torus. Show that its fundamental group admits a presentation as

< a/17b17a27b27 ""7an7bn|[a17bl]'[a27b2] — ]- >

TD, Exo 3,
Feuille 3

TD, Exo 4,
Feuille 3

TD, Exo 13,
Feuille 3

TD, Exo 5,
Feuille 3

TD, Exo 6,
Feuille 3

TD, Exo 7,
Feuille 3
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TD, Exo 8, Exercise V.3.31. Show using the Van-Kampen theorem that m (RP?) ~ Z/2.
Feuille 3

TD, Exo 6, Exercise V.3.32. Use the Van-Kampen theorem to compute the fundamental group
Feuille 5 of the Klein bottle K (see Exercise 11.5.40).

Exercise V.3.33. Let X be a topological space. Show that S(X) is simply-connected.

TD, Exo 16, Exercise V.3.34. [Borsuk-Ulam theorem in dimension 2| Let f : S* — R? be a
Feuille 3 continuous function. Show that there exists a point x € S? such that f(z) = f(—x).

Exercise V.3.35. Give an example of a path-connected topological space whose
fundamental group is isomorphic to the free product Z x Z/2.

Exercise V.3.36. Let X be the space obtained by removing the three positive half-
axis from the 3-dimensional disk D?* C R3. Compute the fundamental group of
X.



CHAPTER VI

Covering Spaces and their classification

We start by axiomatizing the key property of the exponential map seen in the
Proposition V.2.6:

Goal VI.0.1. In this chapter we will finally explain the mathematics of the Exer-
cise 1.2.10.

Warning VI1.0.2. The approach taken in this chapter is far from being the fast-
est. In fact, it is the most exhaustive, as it tries to distillate as much as possible
the topological side from the algebraic side of the theory. In the main lectures we
will short-circuit it and go directly from covers to subgroups. These notes are inten-
ded as side material in case you want to see what is really going on behind the scenes.

The main reference for the lectures are the notes of Ilia Itenberg.

VI.1. Covering Spaces

Definition VI.1.1. Let p: E — X be a continuous map. We say that p is a cover-
ing map (revétement en francais) (or that E is a covering space of X) if:

(i) The map p is surjective;

(i) for every b € X there exists an open neighborhood U of b such that
F := p~}(U) consists of a disjoint union of open subsets V; of FE, with
j € p~1({b}), and such that each restriction py, + V; = U is a homeo-

morphism.

We say that X is the base of the covering space and F is the total space. An open
neighborhood U satisfying the condition in (i7) is called a trivializing neighborhood.

133
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(Uj)jer

=

O
Sy

Remark VI.1.2. Let p: E — X be a covering map. Let b € X and U a trivializing
neighborhood. Then the map py,, : V; — U admits a canonical section given by the

inverse s; = p|_v1 This section is uniquely determined and verifies V; := s;(U).

Proposition VI.1.3. A map p: E — X is a covering map if and only if for every
point b € X there exists an open neighborhood U of b in X, a discrete space F' and
a homeomorphism ¢ : p~Y(U) — U x F such that the diagram commutes:

The map ¢ is called a local trivialization of p.

Example VI.1.4. Let X be a topological space and F' a discrete space. Then the
projection mx : X X F' — X is a covering map. Indeed, it satisfies the condition in
the Proposition VI.1.3 with ¢ being the identity.

Example VI.1.5. The exponential map exp : R — S! is a covering map. This is
the Proposition V.2.6.

Question VI.1.6. Is the projection map R*> — R sending (z,y) — z a covering
map?

We now state a series of general properties of covering spaces.

Proposition VI.1.7. Let p: E — X be a covering map. Then:

(i) If E' — X' is another covering map, then the product E' x E — X' x X
18 @ covering map.
(i) Given any f 1Y — X continuous map, the pullback E XY — Y is a
X

covering map.
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(i1i) If X is Hausdorff then so is E.

() If X is connected, then all the fibers are isomorphic to the same discrete
space F'.

(v) If both E and X are compact, then all the fibers are finite.

(vi) p is a local homeomorphism.

PROOF.

e (i) and (ii) follow directly from the definition of a cover using local trivial-
1zations.

e (iii) Let e, ¢’ € F and choosing separating open neighborhoods of p(e) and
p(e’) in X, U and V. Find trivializing neighborhoods S and W for p(e)
and p(€’) and take A=U NS and B=V NW. Then p~*(A) and p~!(B)
are separating open neighborhoods for e and €.

e Using the local trivializations, the cardinality of the fibers form a loc-
ally constant function. Since X is assume to be connected, the Proposi-
tion I1.6.22 establishes the result.

e Let z € X. Then p~'({z}) C E is a closed subset of E which is compact.
By the Exercise I1.3.19, p~!({z}) must be compact. But thanks to the
definition of a covering map, p~'({z}) is discrete with respect to the sub-
space topology. Therefore it must be finite.

e Follows directly from the local trivializations.

O

Remark VI.1.8. It follows from the Proposition VI.1.7-(vi) that if p: £ — X is
a covering map and X is locally "bla" then E is locally "bla".

Definition VI.1.9. Let p : E — X be a covering map with X connected. The
degree of p is the cardinality of its fibers.

Definition VI1.1.10. Let X be a topological space endowed with an action of a
(discrete) group G with unit element e € G. We say that the action of G on X is a
covering action if every x € X there exists an open neighborhood U such that all the
images ¢(U) for varying g € G are disjoint, ie g;(U) N go(U) = 0 for all g1, 92 € G.

Proposition VI.1.11. Let X be a topological space endowed with an action of a
(discrete) group G with unit element e € G If the the action is a covering action as
in the Definition VI.1.10, then the quotient map X — X/G is a covering map.

PROOF. Recall from Exercise I1.5.41 that the quotient map p : X — X/G is
an open map: if U is an open in X then p~'(p(U)) = U, 9(U). I U is as in the

TD, Exo 1,
Feuille 4



TD, Exo 1,
Feuille 4
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statement of the proposition, the assumption of a covering action implies that this is
a disjoint union p~'(p(U)) = [ [, 9(U) and that U satisfies the covering condition.
O

Exercise VI.1.12. Let G be a (discrete) group acting on space X. We say that the
action is properly discontinuous if every point x € X admits an open neighborhood
U such that the subset {g € G : g(U)NU # 0} C G is finite. Show that if X
is Hausdorff and the action is properly discontinuous then the action is a covering
action.

Exercise VI.1.13. Let G be a (discrete group) acting on a Hausdorff space X.
Show that if the action is free and the group is finite then the action is a covering
action.

Exercise VI.1.14. In this exercise we extend the results of the Proposition VI.1.11
to include "topological groups", ie, we assume that G is a topological group and that
the action of G on X is continuous. Assume both X and G are locally compact spaces
and consider the following assertions:

(i) The pre-image of every compact along the action map G x X — X x X
defined by (g,x) — (z, gx), is compact.

(ii) For every K compact in X, the subset of G given by {g € G : gKNK # 0}
is compact in G.

(iii) For every K compact in X, the subset of G given by {g € G : gKNK # ()}
is compact in G.

(iv) Every point z € X admits a compact neighborhood K such that {g € G :
gEK N K # 0} = {e}

Show that:

(i) (i) and (ii) are equivalent.
(ii) If G has the discrete topology, then (i), (ii) and (iii) are equivalent
(iii) If G has the discrete topology and the action is free, then all (iii) implies
(iv).
(iv) Show that for X locally compact and G discrete, (4) implies that the
quotient map X — X/G is a covering map and that the quotient X/G is
Hausdorff.

Exercise VI.1.15. Show that the maps S' — S! given by z ~ 2" are covering
maps for all n > 1

Exercise VI.1.16. Show that the quotient map S™ — RP"™ is a covering map of
degree 2.
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Exercise VI1.1.17. Show that the quotient map R? — K of the Exercise I1.5.40
defining the Klein bottle, is a covering map.

Example VI.1.18. Here’s a 5-sheeted cover of a surface of genus 3, ¥1; — X3
obtained by quotient of ¥;; by the action of Z/5

(Picture taken from Hatcher’s book, Example 1.41)

Exercise VI.1.19. Let X — Y be a local homeomorphism and U an open in X. TD, Exo 5,
Show that the restriction of f to U still defines a local homeomorphism. Use this Feuille 4
to construct an example of a local homeomorphism that is not a covering map.

Exercise VI.1.20. Show that a local homeomorphism f : X — Y between compact
Hausdorff spaces is a covering space.

Exercise VI.1.21. TD, Exo 7,
Feuille 4

(i) Show that the exponential map exp : C — C* is a covering map.
(i) Show that the map C* — C* sending z — 2% is a covering map. Is the
same thing true for the same formula seen as a map C — C?

Exercise VI.1.22. Construct a 2-sheet covering map S' x S — K. TD, Exo 8,
Feuille 4

Definition VI.1.23. Let p; : £} — X and py : Fy — X be covering maps with

the same base space. A morphism of coverings of X, (E1,p;) — (FE2,p2) is a map

¢ By — F, such that the diagram commutes


https://pi.math.cornell.edu/~hatcher/AT/AT+.pdf
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E1—>E2

e

Definition VI.1.24. Let X be a topological space. Morphisms of covering spaces of
X can be composed. We denote by COV x the category whose objects are covering
spaces with base X and morphisms are morphisms of coverings in the sense of
Definition VI.1.23.

VI1.2. Covering Spaces and Fundamental group

We start this section by specifying the lifting properties of covering maps that make
them behave like the exponential map exp : R — S:

Lemma VI.2.1. Let p: E — X be a covering map. Then any path in X admits a
lifting. Moreover, the lifting is unique if the starting point is fixed.

PRrROOF. This is mutatis-mutandis the proof of the Lemma V.2.4 replacing that
specific trivializing cover by a general one.

(Picture taken from le Polycopie d'Ttenberg)


https://webusers.imj-prg.fr/~ilia.itenberg/enseignement/topologie_algebrique.pdf
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Lemma VI.2.2. Let p : E — X be a covering map. Let H : I x I — X be a
homotopy of paths, between v and B in X having the same endpoints. Fix xqg € E
a lift of p(xg) = v(0) = B(0). Then the homotopy H admits a unique lifting to a
path homotopy H:1xI— E between the unique lifting 5y of v at x¢ and the unique

lifting B of B at xy.

PROOF. Apply mutatis-mutandis the proof of the Lemma V.2.14 replacing that
specific trivializing cover by a general one. 0

Proposition VI.2.3. Let p : E — X be a covering map. Then the functor
I (f) : I (E) — T1(X) satisfies the following properties:

(i) 11 (p) is surjective on objects;

(i1) For every morphism f :x — y in I (X) and for every object e € I1;(F)
with p(e) = x, there exists a unique lift of f to II;(FE).

PROOF. This a direct consequence/reformulation of the lifting of paths and ho-
motopies of paths of Lemma VI.2.1 and Lemma VI1.2.2.. O

Let us axiomatize this

Definition VI.2.4. Let F': C — D be a functor between groupoids. We say that
F is a covering map of groupoids if it satisfies the following two properties:

(i) F is surjective on objects;

(ii) For every morphism x — y in D and every ¢ € C with F(¢) = x, there
exists a unique lift ¢ — d in C of the morphism x — .

Example VI1.2.5. Let D be a connected groupoid. Fix d € D an object. Then the
target functor ¢ : Dy, — D of the Example IV.1.19 is a covering map of groupoids.
Indeed, given u : d; — dy and an object f; : d — d; in Dy, there exists a unique
lifting of u starting at f;, namely, the morphism

a1

N

da
with fo :=wuo fi.

Remark VI.2.6. Let F': C — D be a covering map of groupoids. If C is connected
then D is connected. Indeed, let d; and dy in D. Since F' is surjective on objects,
di = F(c1) and dy = F(cy). But C is connected, so there exists an isomorphism
¢; — cg in C. Therefore, F(c;) — F(cy) is an isomorphism, showing that D is
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connected.

We now extract some consequences of this general definition.

Proposition VI1.2.7. Let F': C — D be a covering map of groupoids. Then:

(i) Let c € C and x = F(c) € D. Then the map of groups

F : Homc(c, ¢) = Autc(c) = Homp(x, x) = Autp(x)

is injective. In particular it defines a subgroup of Autp(z), which we will
simply denote by F(Autc(c)).

(1) If c1 and ¢y belong to the same connected component of C (ie, represent the
same class in mo(C)) with F(c1) = F(cy) = x then the two subgroups

F(Autc(c1)) = Autp(x)

F(Autc(c2)) < Autp(z)

are conjugated.

(111) Conversely, let ¢ € C and x = F(c) in D. Then, for any morphism
a:x — x in D there exists an object ¢ in C such that the conjugation
a.F(Autc(c)).a™! is equal to the subgroup F(Autc(c'))

PROOF.

(i) Since the map is automatically a map of groups because F' is a functor,
it is enough to show that if F(f : ¢ — ¢) = id, then f = id.. But since
f provides a lifting for the identity of x, by the property (ii) of Defini-
tion VI.2.4, f must be the identity of c.

(ii) If ¢; and ¢y belong to the same connected component, by definition, it
means there exists an isomorphism u : ¢; — ¢ in C. As in the Re-
mark I'V.2.8, v induces an isomorphism of groups through conjugation

Autc(er) — Aute(cz)

q — ugu_1

Since F(u) : F(c1) = — F(c2) = x, F(u) is an automorphism of z in C.
Functoriality tells us that F'(Autc(cp)) is conjugated to F(Autc(cg)) via
conjugation with oo = F'(u).
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(iii) Given « : & — =z, since c is a lift of x, property (ii) in Definition VI.2.4
guarantees the existence and uniqueness of a lifting of « : ¢ — ¢ with
F(d') = x. We now conclude by applying (iii) above.

O

Corollary VI.2.8. Let p: E — X be a covering map. Let x € X.

(i) Let e € p~'({z}). Then the induced map m (E,e) — 7 (X, x) is injective.

(ii) If e,e’ € p~t({z}) are in the same path-connected component of E, then
the subgroups p.(m(E,e)) and p.(m(E,€")) are conjugated.

(111) Any subgroup of 1 (X, x) conjugated to p.(m1(FE,€)) is of the form p.(m(E,¢€'))
for some € € p~t({x}) with € in the same path-connnected component of
e L.

What this corollary shows is that for any topological space X with a choice of base
point z we have a well-defined map of sets

{ Iso. class of (connected) covering maps of X} — {Conjugacy class. of subgroups of (X, z) }

sending a (connected) covering map p : E — X to the conjugacy class of the sub-
group p.(m(E, e)).

The main goal of this chapter is to provide a proof that this assignment is a bijection:
there are as many covering maps as conjugacy classes of subgroups of w1 (X, ).

Example VI.2.9. The Corollary VI.2.8 finally gives a first precise sense to the
phenomena illustrated for the labyrinth of the Remark 1.2.11. In this language,
the labyrinth is the choice of the covering map and the subgroup is given by
p«(m(E,e)) C m(X,z). More concretely, by taking the space X = S' vV S! with z
the point at the intersection we have seen in the Example V.3.21 that m(X, z) is
the free group with two generators < a,b >.

r{ X )a

(Picture taken from Hatcher’s book)
In this case the labyrinth E given by the graph
(3)

b a
OGO G
b a

(Picture taken from Hatcher’s book)


https://pi.math.cornell.edu/~hatcher/AT/AT+.pdf
https://pi.math.cornell.edu/~hatcher/AT/AT+.pdf
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is a covering map p : £ — X by declaring that p sends the nodes to the unique node
in X, all paths named a to a in X and all paths named b to b in X.

Let us choose the darker node as a base point in E, denote it by e. Let us denote by
x the node in X so that z = p(e). The Corollary VI.2.8 explains why p.(m(E,e))
is a subgroup of m (X, z) =< a,b >. As a subgroup we have

pe(m(E,€)) =< a®,b* aba™", bab™" >

Now, we could pick another point €' in the fiber of x, such as

4
(4) b .
B0 0C.
b a
(Picture taken from Hatcher’s book)

In this case we have
pe(m(E,€)) =< a,b* ba*b™*, baba b~ >

Now the Corollary VI.2.8 explains why the two subgroups are conjugated: since E
is path-connected, and p(e) = p(€’), any path between e and ¢’ in E gives us a way
to conjugate the subgroups. For instance, take the path b~! from €’ to e. In this
case we find

bp(mi(E,e).b™" = pu(m(E, )

Before proceeding to the next section, it will be convenient to isolate the nature of
what we did in this section, passing from a covering map of spaces to a covering of
groupoids:

Definition VI1.2.10. Let D be a groupoid. We denote by COVp the category whose
objects are functors I’ : C — D that are coverings maps of groupoids and morphisms
given commutative diagrams

C1—>C2

N

Exercise VI.2.11. Let X be a topological space. Show that the II; extends to a
functor


https://pi.math.cornell.edu/~hatcher/AT/AT+.pdf
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COVX — COVI'Il(X)

sending a covering map p : E — X to the covering map of groupoids II;(F) —
I1; (X).

Exercise VI.2.12. Consider a morphism of covering spaces

E1—>E2

N

with E5 path-connected and locally connected. Show that ¢ is itself a covering map.

Exercise VI.2.13. Consider a map of covering groupoids.

Show that if ¢ is surjective on objects then ¢ is itself a covering map of groupoids.

Proposition VI.2.14. Let F : C — D be a covering of groupoids. Show that if F
is bijective on objects then F' is an isomorphism of groupoids.

PROOF. We need to show that F' is also bijective on morphisms, ie, for any pair
of objects =,y € C, the map

F : Homc¢(x,y) — Homp(F(z), F(y))

is a bijection. The fact that it is surjective is the existence of liftings. The fact that
it is injective, is the uniqueness of liftings.
O

Combining these two exercices we obtain

Corollary VI.2.15. Let

be a morphism of covering maps of groupoids. Then ¢ is an isomorphism if and only
if it induces a bijection on objects.
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PrOOF. Thanks to the Exercise VI.2.13, ¢ is itself a covering of groupoids.

Since it is a bijection on objects, we use Proposition VI.2.14 to conclude.
O

VI1.3. Classification Theorem - The algebraic side

We will first deal with the non-topological aspects of the theorem, ie, we separate as
much as possible the topology (covering maps) from everything that is of algebraic
nature (coverings of groupoids).

First we exhibit the information contained in a covering map of groupoids, in a
different way:

Construction VI.3.1 (Fiber functor). Let F' : C — D be a covering map of group-
oids. We associate to F' a functor

Fibp : D — SETS
defined as follows:
e For every object x € D, we define Fibp(z) := F~1({z}).

e For every morphism f : z — y in D we define Fibg(f) : F7!({z}) —
=1 ({y}) by sending ¢ € F~'({x}) to the target of the unique morphism
f lifting f and starting at c.

o if f: 2 — yand g:y — z are morphism in D the composition

F({z}) = F7'({y}) = F'({2})
is well-defined and associative thanks to the uniqueness property of liftings

in (ii) in Definition VI.2.4. The same argument guarantees compatibility
with identities.

The functor Fibg is called the Fiber functor associated to the covering map of group-
oids.

Construction VI.3.2. The construction of the Fiber functor sending a covering
map of groupoids F : C — D to Fibp : D — SETS, is functorial, ie, given a
morphism of covering maps of groupoids,

C1—>C2

N\

we have an associated natural transformatlon of functors Fib,, : Fibp, — Fibp, defined
on each object x € D by the map
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Fibr, (z) = Fy ' ({x}) — Fibp, (z) = F; ' ({z})
sending ¢; — n(cy). This is well-defined because Fy on = Fj.

We now check that this is a natural transformation. We have to explain why for
each morphism f :d — d' in D, the diagram

Nd

F1_1(d) — Fz_l(d)
lFibF1 £ lFibQ(f)
Fri(d) % FyN(d)

commutes. Given ¢; € F;'(d), the object Fibg, (f)(c1) is the target of the unique
lifting f of f along Fy starting at ¢1, f : ¢; — Fibg (f)(c1). Applying n we get
n(f) : nler) = n(Fibg (f)(c1)). This is a lifting of f along F, starting at n(c;).
Since such a lifting is unique, we must have n(Fibg, (f)(c1)) = Fibg,(f)(n(c1)).

Finally, one must establish that given two composable maps of coverings of groupoids

Cl m CQ 72 C3
F F3
D

we have Fib(n,0n,) = Fib(2) oFib,,. This follows automatically from the definitions
of Fib(n;) and compositions of natural transformations. This establish functoriality.

We denote by

Fib : COVp — Fun(D, SETS)

the resulting functor.

We now show that there is essentially no less of information passing from covering
maps of groupoid to fiber functors. In other words, it is merely a repacking of the
same information.

Proposition V1.3.3. The functor Fib is an equivalence of categories.

PROOF. In order to prove this we will construct an inverse functor

COVp « Fun(D,SETS) : I'
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and natural isomorphisms ¢ : "o Fib ~id and £ : Fibo I" ~ id.
Step 1: The construction of T'.
We start by defining that I' does on objects.

Let & : D — SETS be an object of Fun(D,SETS). We define a category I'(F) as
follows:

e Objects of ['(¥) are pairs (d, s) where d is an object in D and s € F(d);

e A morphism (di, s1) — (da, s9) is a morphism f : d; — dy in D such that

sg = F(f)(s1)-

e Compositions and identities are well-defined since they are inherited from
D.

The category I'(¥) is a groupoid as a consequence of D being a groupoid and F
being a functor and therefore compatible with compositions.

The category I'(#) comes with a canonical functor pgz : I'(¥) — D by sending
(d,s) — d on objects and a morphism (di, s;) — (dg, s2) to its underlying morph-
ism d; — dy in D. By definition of compositions in I'(¥), pg is compatible with
compositions and therefore defines a functor.

We claim that pg is in fact a covering of groupoids: (i) it is surjective on objects
by default and (ii) given a morphism f : d; — do in D, and an object (di,s;)
over dp, the morphism f lifts in a unique way to a morphism in I'(¥#) by setting
(dy,s) — (dg, 52 := F(f)(s1)). By the definition of morphisms in I'(¥) this is the
unique possibility for a lift of f.

We now establish the functoriality of the assignment & — [['(¥#) — D].

If ¢ : F1 — F5 is a natural transformation defining a morphism in Fun(D, SETS) we
define a map of covering groupoids

I'(¢)

A‘ Py

[(¢)(d; s) := (d, ¢als))

by setting

on objects. Given a morphism f : (dy, s1) — dg, $2) in I'(#;), we define
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D(O)[f : (di,s1) = da, s2)] := [f : (di, day (51)) = (da, day(52))]

on morphisms. I'(¢) is automatically compatible with compositions because ¢ is
natural transformation.

One must also check that given ¢ : F — Fo, b : Fu — F3 we have ['(¢ o ¢) =
['(¢) oT'(¢). This is again a tedious but trivial exercise.

Finally, we have constructed a functor

COVp < Fun(D,SETS) : I'

We must now exhibit natural isomorphisms ¢ : ' o Fib >~ id and & : Fibo I ~ id.
Step 2: The construction of o : I" o Fib >~ idcov,,-

One must specify for each covering map of groupoids F': C — D an isomorphism of
coverings of groupoids

C———=——T(Fibp)

N

natural in F': C — D. We start with the construction of the functor oc:
e On objects ¢ € C, we set oc(c) := (F(c),c).

e On morphisms u : ¢; — ¢ in C, we define oc(u) = F(u) : (F(c1),¢1) —
(F(ca), ca)-

e oc is compatible with compositions because of unique lifting property of
F.

Therefore o¢ defines a morphism covering maps of groupoids over D.

We now claim that o defines a natural transformation. More precisely, we have to
check that for every morphism of coverings of groupoids

C—— G,

A\

the diagram of functors
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C % I(Fibg, )

J/ﬁ lF(Fib(n))

Co —2 T'(Fibg,)

commutes. We check this directly on objects and morphisms. Let f : ¢ — ¢ be a
morphism in C;. We have

[f ¢ = ] ———=Fi(f) : (Fi(c),¢) = (Fi(¢), )

l

Fi(f) = (Fi(c),n(e)) = (Fi(d), n(c))
which since Fy o n = F}, coincides with

[f:c— ]

l

n(f) = nle) = n(d) —— Fa(n(f)) : (Fa(n(e)), n(c)) = (F2(n(¢)), n(c))

Finally, by construction, oc is a bijection on objects and because of the condition
(ii) in Definition VI.2.4, it is also bijective on morphisms (see Corollary VI.2.15),
so it defines a natural isomorphism.

Step 3: The construction of £ : Fib o I" ~ idryn(p seTS)-

One must specify for each functor & : D — SETS an isomorphism of functors

Fib(D(F)) — F

natural in #. Notice that by definition of Fib and I', for each object d € D, we have
a canonical bijection

Fib(T'(#F))(d) = F(d)
Therefore we define £ to be given by the identity map for each d.

Functoriality and naturality here are obvious as is the fact that ¢ is an isomorphism

O

Remark VI.3.4. The equivalence of categories of the Proposition VI1.3.3 is a par-
ticular case of a general construction for categories, called the Grothendieck con-
struction.
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Corollary VI1.3.5. Let D be a connected groupoid. Let d € D and consider the
equivalence of categories By : B(Autp(d)) — D with inverse Qg : D — B(Autp(d)) of
the Proposition V.3.18 . Then, composition with By and Qg induces an equivalence
of categories

COVp —™ Fun(D, SETS) —2% Fun(B Autp(d), SETS)

with inverse

COVp +— Fun(D, SETS) +—— Fun(B Autp(d), SETS)
-y

PRrROOF. Use the Exercise IV .4.8. OJ

Example VI.3.6. Consider a connected groupoid D, with d € D. Then the equi-
valence of categories given by composition with B, : B Autp(d) — D

Fun(D,SETS) — Autp(d) — SETS

sends the functor Homp(d, —) : D — SETS to the Autp(d)-set Autp(d) with its left
action.

More generally, let H C Autp(d) be a subgroup. Then then image of the Autp(d)-set
Autp(d)/H along the equivalence of categories is the functor

Fy :D — SETS

defined by sending d’ € D to the quotient set Homp(d, d')/H where two morphisms
f:d—d and g:d— d are declared equivalent if gt o f € H.

Definition VI.3.7. Let G be a group. A G — set is a set F' together with an action
G x F'— F. A morphism of G-sets is a morphism of sets F' — F’ compatible with
the G-actions. The category of G-sets will be denoted by G — SETS.

Example VI.3.8. Let G be a discrete group and H C G a subgroup. Then the
quotient set G/H is a G-set with action defined by the formula g.[¢'] := [g.¢'] for
every g € G and [¢'] € G/H.

Construction VI.3.9. Let G be a group. Every G-set F' determines a functor
F : BG — SETS defined on objects by sending the unique object eg to the set
F and on morphisms, by the action map G — Autsgrs(F). If f: FF — F'is a
map of G-sets, we can define a natural transformation  — F' by F (e¢) = F —
F'(eg) = F'. The fact that f is compatible with the G-actions implies that is a
natural transformation. This construction defines a functor

G — SETS — Fun(BG, SETS)
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Proposition VI1.3.10. The functor
G — SETS — Fun(BG, SETS)

is an isomorphism of categories.

PROOF. An explicit inverse is given by the evaluation functor sending & : BG —
SETS to F := F(eg). O

Corollary VI1.3.11. Let D be a connected groupoid. Let d € D and G := Autp(d)
be the group of automorphisms of d. Then the composition functor
Flbd : COVD — G — SETS

is an equivalence of categories.

Remark VI1.3.12. More precisely, the functor Fiby : COVp — G — SETS sends a
covering map of groupoids F': C — D to the set F~!(d) equipped with the G-action
where g € G acts by s € F71(d) — gs := s’ where s — &' is the unique lift of
g. The inverse functor sends a G-set F' to the covering morphism of groupoids

T(Q4(F)) — D.

What this result shows is that the theory of coverings of groupoids, is essentially,
the theory of G-sets.

Definition VI.3.13. Let F' be a GG-set. We say that I is connected if the action is
transitive.

Construction V1.3.14. Let F be a connected G-set. Then the choice of an element
x € F determines an isomorphism of G-sets

fe :G/H—F

where H denote the stabilizer subgroup of x and f, sends g — g.z. In particular,
every connected G-set is isomorphic to one of the form G/H via the choice of an
element.

The G-set G/H itself has a canonical choice of element given by the unit in G.

Exercise V1.3.15. For a G-set F and a subgroup H C G, let us write F'¥ for the
set of points fixed by H

Fi .= {xEF:h.x =, thH}
1) Show that the map of sets
( ) p

HOIIlG_SETs(G/H, F) — FH
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sending [f : G/H — F] to the element f([e]) € F, defines a bijection with
inverse sending x € F'# to the map G/H — F sending [g] — g.x.
(ii) Show that when H = {0} is the trivial subgroup
HOIIIG,SETs(G, F) — F
is a bijection.
Proposition VI.3.16. Let G be a group and H, K C G subgroups. A map of G-
sets f + G/H — G/K has the form f(g.H) = a.gH for some a € G satisfying

a V. H.a C K. In particular two G-sets G/H and G/K are isomorphic through an
isomorphism of G-sets if and only if H and K are conjugated subgroups.

PrROOF. Thanks to the Exercise VI.3.15, we know that a map of G-sets f :
G/H — G/K is determined by an element [o] € (G/K)" and is of the form
f:9H — ga K with a.K fixed by H, ie, h.aK = «a.K for every h € H. In
particular, o tha € K for every h € H,so a 'Ha C K.

Now if f is an isomorphism the same argument applies for the inverse morphism
7' G/K — G/H: it is of the form ¢g.H + g.8H for some class 3.H fixed by K,
ie, for all K € K we have 37'k.3 € H. Now, the fact that f and f~! are inverse,
implies that «.f5 € H and .o € K. It follows that

K=a'81KBaCa'Ha.

Corollary VI1.3.17. Let G be a group and H a subgroup. Then
AutG_SETs(G/H) = N(H)/H
where N(H) :={a € G: a '.H.ao = H} is the normalizer of H.

PROOF. By the argument above, an automorphism of G/H as a G-set gives an
element o.H in G/H such that for any h € H, @~ *.h.« is in H. The fact that the
map is automorphism gives a~'.H.oe = H so by definition «. H belongs the quotient
N(H)/H. O

Corollary VI1.3.18. Let G be a group. Then, the assignment H — G /H establishes
a bijection

{ conjugacy classes of subgroupds of G} ~ {iso. classes of connected G — sets}

with inverse given by taking stabilizer subgroups.

We can now analyse how connected G-sets are described via the equivalence of the
Corollary VI.3.11:
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Proposition VI.3.19. Let F : C — D be a covering map of groupoids. Let d € D
and set G := Autp(d).

(i) The stabilizer subgroup of c € F~1(d) is the subgroup F(Autc(c)) C Autp(d).

(11) Assume that D is connected. Then action of G on F~Y(d) is transitive if
and only if the groupoid C is connected.

(11i) Assume that C is connected groupoid . Then the choice of an element
c € F71(d) induces and isomorphism of G-sets

G/F(Autc(c)) ~ F~(d)

In particular, the degree o] F as a covering is equal to the index of the
subgroup F(Autc(c)) in G.

PROOF.

(i) Write H C G for the stabilizer of ¢ € F~'(d). We want to show that
H = F(Autc(c)). We show both that both inclusions hold:

e H C F(Autc(c)): Let h € Autp(d) stabilize c. This means that the
unique isomorphism A in C lifting A has ¢ as an endpoint. It is there-
fore an automorphism of ¢ and lives in the F'(Autc(c)).

e The inclusion F(Autc(c)) € H is clear since all automorphisms of ¢
have ¢ as target object.

(ii) Assume the action is transitive and let ¢; and ¢y be objects of C. By as-
sumption, D is connected so there exists an isomorphisms u : F'(¢;) ~ d and
v : F(cg) ~ din D. By definition of covering map of groupoids, there exists
unique liftings @ : ¢; — ¢} and 0 : ¢; — ¢, in C with ¢/, € F~(d). Since
the action is transitive there exists an element g € G = Autp(d) whose
unique lift g is of the form g : ¢; — ¢,. The composition " 'ogot : ¢; — ¢y
gives an isomorphism between ¢; and co. This argument shows that C is
connected as a groupoid.

Conversely, assume that C is connected as a groupoid. Then for every two
objects in the fiber ¢, cy € F~!(d) there exists an isomorphism « relating
them. F'(«) is an automorphism of d in D and by the unique lifting prop-
erty the action of F'(«) on ¢ is ¢s.

(iii) This last statement is the Construction VI.3.14 and the fact that if C is
connected then D is connected.

O
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Corollary VI1.3.20. Let D be a connected groupoid and let F' : C — D be a covering
map of groupoids. Let ¢ € C and d := F(c). Then the equivalence of categories of
the Corollary VI.3.11 provides an isomorphism of groups

Autcov, (C) ~ N(F(Autc(c)))/F(Autc(c))

PRrROOF. Follows from the fully faithfulness of the equivalence of categories, to-
gether with the Corollary VI.3.17. O

Here’s a recap of what we did: we converted information of conjugacy classes of
subgroups into covering maps of groupoids.

VI1.4. Classification Theorem of covering spaces

We can finally state the main technical result underlying the dictionnary between
labyrinths (coverings spaces) and subgroups. We have seen how coverings give sub-
groups. In order to be able to reverse the dictionnary we will need an extra assump-
tion on X:

Definition VI.4.1. Let X be a topological space. We say that X is locally simply-
connected if for every point x € X and for every open neighbourhood U of z, there
exists an open neighbouhood V with x € V' C U and V simply-connected.

Theorem VI1.4.2. Let X be locally path-connected, semi-locally simply connected
topological space. Then the functor

COVyx — COViy, (x)

defines an equivalence of categories between covering maps of spaces and covering
maps of groupoids.

In order to prove this theorem, we will first need two technical lemmas about lift-
ings of maps along covering spaces and liftings of functors along covering maps of
groupoids.

Lemma VI1.4.3. Let I : C — D be a covering map of groupoids and T : PP — D any
functor with P a connected groupoid . Let p € P and ¢ € C with d :=T(p) = F(c).
Then there exists a lifting T : C — P of T sending p to ¢ if and only if we have an
inclusion

T(Auta(p))) € F(Autc(c))

in Autp(d). Moreover, when such a lift exists, it is unique with this property.

PROOF. It is clear that if such a lifting exists, the commutativity F o T = T
forces the inclusion on automorphisms groups.
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It remains to check that the condition is enough.

Assume the condition. We want to construct the functor 7.

e On objects: Let ¢ € &P. Since P is connected, there exists an isomorphism
f:p— qin P. By the unique lifting property of F', there exists a unique
lifting for the morphism 7'(f) : T'(p) — T'(q) starting at ¢ € C. Let us call
it fe — cq.f- We define T(q) as the target of this morphism ¢q.r Which a
priori depends on ¢ and on the choice of f. In fact, it does not depend on f:
if g was a second choice of isomorphism g : p — ¢, then f : =g tof :p —p
defines an automorphism of p. By the assumption, 7'(3) is in F'(Autc(c))
meaning that it has a unique lifting to an automorphism 3 : ¢ — ¢. Let
G : ¢ = cqq be the unique lifting of T'(g) : T'(p) — T'(¢). In this case we
notice that

F(goB)=T(g)oT(g " o f) =T(f) = F(f)

therefore § o 8 and f are two different liftings of the same morphism. By
unicity of the lift, they must coincide. It follows that ¢, s = ¢, .

e On morphisms: given u : ¢ — ¢, we use the same argument: choose
an isomorphism f : p — ¢; and define T(ql) : ¢ = ¢qy as above. Now
define T'(u) as the unique lifting of T'(u) starting at ¢, ;. The uniqueness
of liftings as above shows that this does not depend on the choice of f.

e T is compatible with compositions. But again, this follows from the unicity
of liftings.

Finally, It remains to argue about the uniqueness of such functor 7. But we see
here that the uniquness of liftings along F' strongly restrains the possibilities of 7"
there is only one as soon as the condition p — ¢ is fixed. 0

The same lifting lemma has a topological version.
Lemma VI1.4.4. Let p : E — X be a covering map and let f :' Y — X be a
continuous map with Y path-connected and locally path-connected *). Lety € Y and

e € B with f(y) = p(e) = x. Then the map f admits a continuous lift f:Y > E
with po f = f and sending y to e, if and only if we have an inclusion of subgroups

f*(ﬂ-l(Y7 y)) - p*(ﬂ-l(E7 6))
in (X, x). Moreover, if such a lift exists, it is unique with this property.

(*)Recall the Warning ITI.2.7 that a path-connected space is not necessarily locally path-
connected
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PrOOF. If the lifting exists, then the condition is automatic. It remains to prove
the converse. Applying the functor II;(—) to this topological situation, we recover
the context of the Lemma V1.4.3. Therefore, the condition guarantees the existence
of a lifting at the level of fundamental groupoids

IL (E)
T 7
- lF =II; (p)

)T—>H1 X

Since the objects of the fundamental groupoids are the points of the spaces, at the
set-level, we have our candidate for f, namely

Y—E Ly— fy)=T()

The unicity of the functor T guaranteed by the Lemma VI.4.3 also tells us that
this is the only possible f.

It remains to show that f defined this way is a continuous map. This is a consequence
of the fact p is a local homeomorphism and our assumption that X is locally path-
connected. Indeed, take U an open in E. We want to show that f~'(U) is open in
Y. Let yo € Y. It will be enough to show that there exists an open subset of V of Y
with yo € V C f~1(U). Choose a trivializing neighborhood of p, W, around f () =
p(f(y0)) and consider U’ the unique connected component of p~! (1) that contains
f (y0). Take the intersection U N U’. Since py,, : U" — W is a homeomorphism,
p(UNU’) of x4 is an open neighborhood of f(y) in X and therefore f~(p(UNU"))
is an open neighborhood of yy in Y. Now since Y is locally path-connected, take
V any path-connected neighborhood of yy in Y such that V C f~}(p(U NU")). We
claim that V is contained in f “HUNU"). Indeed, by construction of the map fin
the Lemma VI.4.3, we used path-connectedness to construct f by unique lifting for
paths.

O

Example VI.4.5. The assumption in Lemma VI.4.4 that Y in is locally path-
connected is crucial. Indeed, let us take Y to be the topologist’s circle from the
Warning II1.2.7. Let us consider the map f : Y — S! sending the all points of the
form [(0,%)] to 1 € S'. The space Y is simply connected (Exercise V.1.36) but the
map f does not admit a lifting f along the covering map exp : R — S,

Exercise VI1.4.6. Show that if a path-connected, locally path-connected space X
has 71(X) finite, then every map X — S! is nullhomotopic. Hint: use the exponen-
tial map.
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We can now turn to the proof of the Theorem VI.4.2. Let us remark that the
Lemma VI1.4.4 together with Lemma VI.4.3 already implies that our functor is
fully faithful among path-connected covers:

We now want to show that this is an equivalence of categories. We first need to
explain how to go back. For this purpose we will construct a functor in the opposite
direction

ob
COVy <2 COVyy, ()

The idea is that if C — II;(X) is a covering map of groupoids, the associated

covering space will have as points exactly the objects of C. The technicality is in

the definition of the topology. The insight comes from the following remark:

Remark VI.4.7. Let p : E — X be a covering space. Then the topology on E
admits a canonical basis obtained by liftings of open subsets in X. Let V be an
open subset of E and e € E. Let U be a trivializing neighbourhood of = = p(e) for
the covering p and let W denote the connected component of p~(U) that contains
e. Then W NV is an open neighborhood of e contained in V. Moreover, since the
restriction py,, : W — U is a homeomorphism, we have W NV = s(p(W NV)) with
s the local inverse of p. In other words, W NV is the image of an open subset of x
through the section s.

It is clear from this construction that the collection of all such open subsets of FE
obtained via the image of local sections, form a basis for the topology of E.

Construction VI.4.8. Let us start with a covering map of groupoids F' : C —
IT;(X). We want to construct a topology 7¢ on the set of objects Obj(C), together
with a covering map of spaces Obj(C) — X.

Let ¢ € Obj(C) with F(c) = x. For each simply-connected neighborhood U in X with
x € U, the Lemma VI1.4.3 guarantees the existence of a unique lifting s. sending x
to ¢

Following the Remark VI.4.7 we define a basic open neighborhood O(c,U) of ¢ as
the image s.(Obj(I1;(U))) = s.(U), ie, all objects in C obtained from the unique
lifting property of paths in U starting at c:

O(c,U) :={c € Obj(C) : there exists a morphism f : ¢ — ¢ in C lifting a path
vix—yin U},
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We denote by fc the collection of all subsets of the form O(c¢,U) running over the
objects of C and the simply-connected neighborhoods U in X.

We now show that [¢ satisfies the requirements of the Proposition I1.1.14 and
forms a basis of a topology. This is where the hypothesis that X is locally simply-
connected plays a role:

(i) Every ¢ € Obj(C) is contained in some element of Sc. Since X is locally
simply-connected there exists an open neighborhood U of x = F'(¢) which
is simply connected. Since id. : ¢ — c is a lift of the constant path at x,
therefore contained in U, we find ¢ € O(c, U).

(ii) Let ¢ € O(c1,Uy) N O(co,Usy) with x = F(c), x1 = F(c1) and zo = F(c3).
Then by definition, there is a morphism ¢; — ¢ lifting some path v, from
x1 to x contained in U; and ¢; — c lifting some path 7, from x5 to x
contained in U;. By definition of a locally simply-connected space, there
exists U an open neighborhood of z, contained in U; N Uy with U simply-
connected. Again id. : ¢ — ¢ is a lifting of the constant path in U and we
have c € O(c, U).

Finally, if ¢ — ¢ is a morphism lifting a path x — 2’ in U, by uniqueness
of the lifting, this morphism is also the unique lifting of the path seen in
Uy or in Us. In other words O(c,U) C O(cy, Uy) N O(ca, Us).

We consider the topology 73 generated by the basis Sc on Obj(C).

Remark VI.4.9. The subsets O(c,U) and O(¢,U) are disjoint for ¢ # ¢, F(c) =
F(d) = x. This is a consequence of the fact that if two liftings agree on a pair of
points, then they must agree everywhere by unicity of the lift (see Lemma VI1.4.3).

Proposition VI1.4.10. The map of sets pc : Obj(C) — X sending ¢ € Obj(C) to
F(c) is continuous with respect to the topology of Construction VI.4.8.

PROOF. Indeed, since X is locally-simply connected, it is enough to test that
pc'(U) is open for U a simply-connected neighborhood in X. Let ¢ € pc'(U). Then
¢ € O(c,U) (via the constant path) and O(c, U) C pc' (U) by the definition of 6(c, U)
as the image of a local section over U. The Remark II1.2.5 allows us to conclude

that pg is continuous.
O

Proposition VI1.4.11. For each covering map of groupoids F : C — II1(X), the
continuous map pc : Obj(C) — X is a covering map.

PRrROOF. Take z € X and U any simply-connected neighborhood z in X, then
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pc' )= ] 0(0U)

ceEF~1(z)

This a consequence of the fact all the O(c, U) are disjoint for ¢ € F~1(x)- see Re-
mark VI.4.9.

Now notice that each restriction (pc)y,. ., : O(c,U) — U is a bijection. This is a
consequence of the description of O(c, U) as the image of a section.

We conclude by arguing that pc is an open map. Indeed, it is enough to test on the
basis elements (see Exercise I1.2.6). But in this case we have pc(0(c,U)) = U.

O

Proposition VI.4.12. The construction sending a covering map of groupoids F :
C — I (X) to the covering space Obj(C) — X defines a functor

COVy « 2 COViy, ()

PrOOF. We start by explaining what Obj does on morphisms of coverings of
groupoids. Let

Cl ! C2
I, (X)

As a map of sets, Obj(n) : Obj(Cy) — Obj(Cs) is defined by what n does on objects,
so the compatibility with compositions is automatic. It remains to confirm continu-

1ty.
By definition of a basis, it suffices to check that n7*(0(cy, U)) is open in C; for each

¢y € Cy and U a simply-connected neighborhood in X and x = Fy(cs).
Notice that:

ce€n H0O(cy,U)) & nlc) € O(cy,U) < n(c) = s,(y) for some y € U

where s., is the unique lifting guaranteed by the Lemma V1.4.3 using the fact U is
simply-connected.

IL, (U) —"% T (X)

Consider now the diagram of groupoids
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C

|

C,
A

S. 7
¢
-

e

H1(U)£>H1(X)

The same lifting lemma applied to F; = F, on guarantees the existence of a unique
lifting

C

e
/ln
/
/

sc C2

S
I, (U) —2 11, (X)

with the property that s.(y) = c. By construction, we have 1 o s.(y) = n(c) so the
two liftings s., and 1 o s, must agree by the unicity property, ie, the diagram

C

e
/ln
/

Sc , (:2

IL(U) — I (X)

commutes.
In particular, ¢ € O(c,U) and by construction O(c,U) C n=1(O(cy, U)) since

1(0(c,U)) =nos(U) = s,(U) = 0(c2,U)
We now finally turn to the proof of our main result in this section:
PROOF OF THE THEOREM VI.4.2.

We construct natural isomorphisms 7 : 0 o I} ~ idcoy, and A : 1I; 0 O ~ idcovH(X)-

Step 1: Construction of 7 : Objo I} ~ idcovy -
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Let p: E — X be a covering map. We want to construct an isomorphism of covering
spaces

E ——— Obj(IL; (E))
N /

natural in £ — X. As a map of sets, this is clear: the points of Obj(Il;(E£)) are
the objects of II;(£) which are exactly the points of E. In this case we set ng to
be the identity map at the level of sets. Commutativity of the diagram is automatic.

It remains to show that ng is a homeomorphism. But this is a consequence of the
Remark VI.4.7 that explains how the the topology on E is already the one ob-
tained through liftings of open subsets in X via local sections. The two topologies

are defined by the same basis.

Finally, the fact that at the level of underlying sets n is the identity, it is automatic
that it defines a natural isomorphism.

In fact, we have shown that Obj o II; = id.

Step 2: Construction of \ : idcovyx) = 10 Ob;j.

Let F: C — D be a covering map of groupoids. We want to construct an isomorph-
ism of coverings of groupoids

natural in C. We defined the functor A¢ as follows:

e By construction, the objects of II;(Obj(C)) are the objects of C, so we
define Ac on objects by the identity map ¢ +— ¢;

e On morphisms, if f : ¢; = ¢ is a morphism in II;(Obj(C)), we use the
unique lifting property along pr to define Ac(f). Take a representative
vp: I — X for F(f)inII;(X). vy is a path starting at F'(¢;) and ending at
F(c2). The fact that I is contractible, allows us to use the Lemma VI.4.4
to find a unique continuous lifting of the path, 7, starting at ¢; € Obj(C)
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Obj(C)

~ 2
v~
-
-
-

() —L— X

We define
Ac(f) = 7]

the homotopy class of this path. The uniqueness of liftings guarantees that
this construction is compatible with compositions and therefore defines a
functor.

The Corollary VI.2.15 concludes that A¢ is an isomorphism of groupoids.

The fact that Ac is natural in C is again a consequence of the uniquness of liftings.
We leave it as an exercise to write down the details.

O

We will now translate the content of the Theorem VI.4.2 to the more down-to-earth
dictionary between labyrinths and subgroups:.

Corollary VI.4.13. Let X be path-connected and locally simply connected space.
Let x € X. Then the fiber functor at x induces an equivalence of categories

COVX — 7'('1()(7 1’) — SETS

In particular, a covering space is path-connected (ie, its total space is path-connected)
if and only if the corresponding m (X, x)-set is transitive.

The following theorem summarizes the main results proved so far:

Theorem VI1.4.14: Classification of Covering Spaces

Let X be path-connected and locally simply connected. Then the assignment
sending a connected covering p : F — B to the conjugation class of the
subgroup p.(m (E,b)) C m (X, p(b)) establishes a bijection

{iso. cl. of connected coverings of X} ~ { conj. cl. of subgroups of m1(X,x)}
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VI.5. Galois Coverings

Throughout this section we assume that X is path connected and locally simply
connected.

Example VI.5.1. In the Remark 1.2.11 we have also looked at another example
of a covering map of the wedge of two circles given by £ =

b
b
(Picture taken from Hatcher’s book)

In this case the subgroup p.(mi(F,e)) =< a,b* bab~! >C 7 (X, z) =< a,b > is a

normal subgroup. This can be check showing that all conjugations a.p, (7, (F,¢e)).a™?,

alp.(m(E,e)).a, b.p.(mi(E,e)).b~  and b~ .p, (71 (F, €)).b are subsets of p, (71 (E, €)).

The Proposition VI.2.7 and the Example VI.5.1 suggest that some covering maps
exhibit a distinguished feature, namely the associated subgroup is normal. We isol-
ate this feature in the following definition:

Definition VI.5.2. Let F': C — D be a covering map of groupoids with C connec-
ted (and therefore D connected). We say that F' is normal (régulier en frangais) if
for any d € D and ¢ € F~'(d), the subgroup F(Autc(c)) C Autp(d) is a normal
subgroup.

Definition VI1.5.3. Let p: E — X be a covering map with F path-connected.. We
say that p is normal if the associated covering map of groupoids IT; (F) — TI;(X) is
normal.

Proposition VI.5.4. Let F : C — D be a covering map of groupoids with C con-
nected. Let d € D. The following conditions are equivalent:

(i) F: C— D is normal;

(11) For every pair of objects c1,co € F~1(c) there exists an automorphism of
covering groupoids n: C; — Cy sending c¢q to cs.

PROOF. Assume F': C — D is normal. Then the subgroups F(Autc(c;)) and
F(Autc(cz)) must coincide since they are conjugated, ie,
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F(Autc(cp)) = F(Autc(ez))

But in this case the lifting lemma Lemma V1.4.3 guarantees the existence of n and
p

CLD

with 7(c;) = ¢ and p(c2) = ¢;. By unicity of the liftings, one must have pon = id
and nop=id.

Conversely, if the automorphism exists for any pair of points, it is automatic by the
commutativity of the diagram that

F(Autc(cy)) = F(Autc(cz))
O

Construction VI.5.5. Let C — D be a covering map of groupoids and let d € D.
Then the group Autcoy, (C) acts on the fiber of F at d, F~*(d): if n: C — Cis an
automorphism of F, and ¢ € F~*(d), then n(c) € F~(d).

Definition VI1.5.6. Let ' : C — D be a covering map of groupoids. Then we say
that I’ is Galois if the action of the Construction VI.5.5 is transitive, ie, for any
pair of objects ¢y, ¢o in the fiber of d, there exists an automorphism of covering
groupoids ¢ € Autcov, (F)

such that ¢(c1) = co.

Definition VI.5.7. We say that a covering space p : E' — X is Galois if its groupoid
covering II; (E) — I1;(X) is Galois.

Remark VI.5.8. The Proposition VI.5.4 can now be reformulated by saying that
a covering of groupoids is Galois if and only if it is normal.
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Corollary VI.5.9. Let X be path connected and locally simply connected. Let p :
E — X be a covering map with E connected, e € E and x := p(e). Then, the
fully faithfulness of the equivalence of categories of Corollary VI.4.183 gives us an
isomorphism of groups

Autcovy ((E,p)) = N(p.(m1(E,€)) /p.(m1(E, €))

In particular, if p: E — X is normal (or Galois), we get an isomorphism of groups

Autcovy ((E,p)) = m (X, z)/p(mi(E,€)
PrOOF. Follows from the Corollary VI.3.20. 0

We now give a third description of Galois coverings:

Proposition VI.5.10. Let X be a path-connected and locally simply-connected to-
pological space. Let p: E — X be a covering map with E path-connected. Then the
following are equivalent:

(i) p: E — X is a Galois covering.

(i1) The action of G := Autcovy (E) (with the discrete topology) on E is prop-
erly discontinuous and the quotient map

E/G— X

18 a homeomorphism.

PROOF. Assume first that the covering is Galois. Let e € F and let U be a
trivializing neighborhood of p(z). Let V be the connected component of p~!(U)
containing e. Then the Galois condition applied implies that the action of the group
of automorphism will shuffle the different connected components, but never intersect
them. By the Proposition VI.1.11, the quotient map £ — F/G is a covering map.

Let f: E/G — X be the map induced by the universal property of the quotient.
Since the action of the G is transitive, it follows that f is injective. It is surjective
because p is surjective. Therefore, f is a bijection.

We now observe that f is an open map, since p is an open map (local homeomorph-
isms are open maps).

Let us now prove the converse statement. Assume that the action of G is property
discontinuous and that the quotient map £/G — X is a homeomorphism. One must
show that the action of G is transitive on each fiber of the map £ — X: but this is
automatic since if e; and e are in the fiber of x, we must have f([e1]) = f([e2]) but
since f is injective, one has [e;] = [es], so there is an element g € G with g(e;) = es.

O
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Exercise VI.5.11. Let X be a topological space with a properly discontinuos ac-
tion of a (discrete) group G. Show that:

(i) The quotient map 7 : X — X/G is a Galois covering.

(i) Assume X is path-connected. Show that G is the group of automorphisms
of  as a covering space of X/G.

Exercise V1.5.12. Show that the map C* — C* given by z — 23 is a Galois covering
map. Compute its group of automorphisms.

Remark VI.5.13. The form of the Theorem VI.4.14 (through the equivalence of
categories of the Corollary VI.4.13) appears in other areas of mathematics, mani-
festing the same basic principle: objects being classifying by conjugacy classes of
subgroups of a certain group.

e Let £k be a field and let L be a finite Galois extension of k£ with Galois group
GG. Then the assignment sending an intermediate extension k C M C L to
the group of automorphisms of L over M - Aut(L/M) - defines a bijection
between intermediate extensions of £ C L and subgroups of G with inverse
given by sending a subgroup H to the subfield L7 C L of those elements
fixed by H. Moreover, the intermediate extension is Galois if and only if
the subgroup is normal.

e In the theory of Riemann surfaces that you will see next month, you will
be led to study spaces £ — X that behave like covering spaces everywhere
except at a finite number of points of X. These are called branched cov-
ers of X. When X is a Riemann surface, the classification of branched
covers can be made via algebraic techniques and proved to be equivalent
to the theory of field extensions of the field of meromorphic functions on X.

For more on this, check the book T. Szamuely Galois groups and fundamental groups

VI1.6. Universal Covers

Definition VI.6.1. Let E be a path-connected space. We say that p: F — X is a
universal cover if E is connected and simply-connected ",

(H1n particular, it is path-connected

TD, Exo
2.1, Feuille 5


https://www.cambridge.org/core/books/galois-groups-and-fundamental-groups/2511B1C10ACF174A0F444A045D9C1F89
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Remark VI.6.2. Let X be a path-connected, locally path-connected topological
space, and assume it admits a universal cover p : F — X. Then since F is
also locally path-connected (cf. Remark VI.1.8), the necessary requirement of the
Lemma V1.4.4 for the existence of a lifting to any other covering map is automatic.
Fix a point e € F and denote z := p(e). Then for any covering map p' : £/ — X
and choice of point €' € E’ there exists a lifting

El
A
7 ’
s lp
/
sending e to €. In other words, if a universal cover exists, it dominates all other

covers. Hence the terminology universal.

Proposition VI.6.3. Let X be a path-connected and locally path-connnected space
and assume py : E1 — X and ps : By — X are two universal covers. Then Ey and
Es5 are isomorphic.

PROOF. Since both E; and FE5 are locally path-connected, by the Lemma V1.4.4,
both satisfy the requirement for liftings of the Lemma V1.4.4: given e; and ey with
p1(e1) = p2(eq), there exists unique liftings

Es

7
v,
/ b2
s

By — X
P

£y
A
e
Y lm
e
E2 p—2> X

sending e; to ey and ey to e;. By unicity of liftings, one must have & o ¥ = id and
Vod=id.

O

Remark VI.6.4. Let p: E — X be universal cover, with e € E.Let x = p(e).

e The subgroup p.(m (E,e)) C (X, x) is the trivial subgroup, since m1(E, )
0.

e p: F — X is a Galois covering and the associated (X, z)-set is the un-
derlying set of 71 (X, z) with the action via left multiplication.

e Since F is path-connected, the action is transitive (Proposition VI1.3.19),
and therefore the choice of an element e € E over x induces a bijection
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m(X,2)/{0} =~ m (X, z) ~p~ ().

e By the Corollary VI.5.9, the choice of an element e € p~!({z}) induces
an isomorphism of groups

Autcovy, v, (E) = m(X, z)

e By the Proposition VI.5.10, the action of Autcov,, () = m(X,z) on
X is properly discontinuous and we have a homeomorphism

E/m(X,z)~ X
Example VI.6.5.
e The exponential map exp : R — S! is a universal cover.

e The complex exponential map exp : C — C* is a universal cover.

e The quotient map R?> — T is a universal cover for the torus.
. Revétement universel du tore

I

o
oPd

e The identity map S? — S? is a universal cover.

Watch on B YouTube

e The graph

is a universal cover of the wedge of two circles S' vV St.


https://www.youtube.com/watch?v=iuvXFg67uwo&t=1s
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e The quotient map R? — K defining the Klein bottle, is a universal cover
(Exercise I1.5.40)

e The universal cover of the cylinder S! x R:

Watch on I8 YouTube

e The universal cover of the Klein bottle:

. Revétement universel de la bouteille de Klein

FYe)

i

Watch on I8 YouTube

Proposition VI1.6.6. Let X path connected and locally simply connected. Then it
admits a universal cover.


https://www.youtube.com/watch?v=O7JKwJM-WE0&t=45s
https://www.youtube.com/watch?v=EGV1IgSbfa0
https://www.youtube.com/watch?v=93GHTfRX56I&t=3s
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PrOOF. This is a direct consequence of the equivalence of categories in Corol-
lary V1.4.13. Namely since X is path-connected, let us fix z € X a base point and
take the covering X, := Obj(T'(— 0 Q,(m(X,x)))) — X associated to the m (X, x)-
set given by m(X, ) acting on itself via left multiplication. The covering map
)?x — X obtained this way is indeed a universal cover:

e It is path-connected since the action of 71 (X, z) on itself is transitive (Pro-
position VI.3.19-(ii));

e It is simply-connected: since it is a covering map, its fundamental group is
isomorphic to the subgroup p.(m(X,,e)) for any point e lying over z. But

by construction we have asked for this subgroup to be the trivial subgroup.

e Comes with a canonical point Z lying over x given by using 0 € m (X, z)
to generate all other elements under the transitivity of the action.

O

Remark VI.6.7. For clarity’s sake, we outline the construction of 5(; in more de-
tail, following the steps of the equivalence Corollary VI.4.13.

As explained in the Example V1.3.6, we have X, ~ Obj(I'(Homp(d, —))).
Now, the category I'(Homp(d, —)) is by definition the category of pairs (d' € D,s €

Homp(d,d')) and morphisms (di,s1 : d = dy) — (dg, $2 : d — dy) are morphisms
f :dy — dy in D such that the diagram commutes

d—25d,

N

da
This is precisely the comma category Dy, of objects under d of the Example VI.2.5.

Applying this to our case, D = II;(X) and d = x € X, the objects of this category
are homotopy classes of paths [y] : # — 2 with starting point x.

Therefore, as a set, what we really have is

~

X, ={[7] : v is a path out of x in X}

so it is canonically pointed by the class & := [c,] of the constant path at z. Moreover,
the map X, — X is the evaluation at the endpoint.
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Tracing back the construction of the topology )?x in Construction VI.4.8 the basis
subsets O((2/, [vy] : * — '), U) are precisely those pairs (2", [a] : # — 2”) such that
there exists a morphism

n: (@] :x—2)— " [8]:x— 2"

corresponding to a commutative diagram

8]
r—— 2

h l“”

x//

such that [n] : 2" — 2" is the homotopy class of a path in a simply connected open
in X. In other words, it is the set

{[+] : there exists a path n in U such that [y'] = [n] * 7]}
corresponding to "small" contractible continuations of v along its endpoint.

Moreover, under the isomorphism of groups Autcov, (X,) =~ m1(X,z) obtained by
using the base point Z, the action is given by sending [a] € m (X x), and [7] a path
starting at x, to the concatenation [y * a](i)

Remark VI1.6.8. As explained above, by construction, the universal cover X, comes
with the point Z in the fiber of « corresponding to 0 in the (X, ). The fully faith-
fulness of the equivalence of categories, gives for any other path-connected covering
map ¢ : £ — X, a bijection

Homcoy y (X, E) =~ Homy, (x.2)-sets(m1 (X, ), Fib, (E)) ~ Fib,(E)

by the Exercise VI.3.15-(ii). This bijection quantifies the Remark VI.6.2 by ex-
pressing exactly how many liftings exist - one for each point e in the fiber p~!({z})
of F, sending = + e.

Remark VI.6.9. One can also use the Example VI.3.6 to trace back the covering
space Ey associated to a subgroup H C (X, x), namely, its points are the objects

of I'(Fg), ie,

Ex = {[y] : vis a path out of z in X}/([y1] ~ [v2] iff [v; ' % 71| € H)

Remark VI.6.10. Let X be a path-connected and locally simply-connected space,
z € X and p: X, — X a universal cover. Let also # € X, be the point correspond-
ing to the constant path at x as explained in the Remark VI.6.7.

(Hwhich is the natural action on the functor Homypy, (x) (2, -).
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The choice of Z determines an isomorphism of groups G := Autcov (Xx) ~ (X, x).
Let H C G be a subgroup. Consider the action of H on X, via automorphisms.
Since the action of G is properly discontinuous (as the universal cover is Galois and
Proposition VI.5.10), so is the restricted action by elements of H. In particular,
the quotient map

T X, — X, /H
is a covering map. The action of G descends to an action of G/H on X, /H which
is still property discontinuous so the further quotient

q:X./H — (X,/H)/(G/H) ~ X,/G ~ X

is a covering map of X:

X,— " X.,JH

N

Using the explicit description of points in the universal cover as homotopy classes
of paths starting at x - Remark VI.6.7 - we see that the quotient X, /H is identi-
fying two homotopy classes of paths [y;] and [y] starting at z iff [y2] = [1 * o] for
[a] € H C 7 (X, z). In equivalent terms, if [y, ' *v1] € H

At the same time, the canonical map of G-sets G — G/ H induces, via the functori-

ality of the equivalence of categories in Corollary V1.4.13 a map of covering spaces
X, — Ey where Fp is as described in the Remark VI1.6.9.

e — By
But the explicit description in the Remark VI.6.9 tells us that Ey is defined exactly
as the quotient X «/H: the map X, — Ep descends to a continuous map in quotient

which is a bijection on points (by inspection). Moreover, this an homeomorphism
since Ey is path-connected and locally path-connected so by (Exercise VI.2.12) the
map X, — FEy is itself a covering map, and therefore an open map.

In particular, this shows that all path-connected covering spaces associated to a
subgroup H can be realized as explicit quotients of the universal cover.
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VI.7. Examples of the classification theorem

Example VI.7.1. Let us classify all covering spaces of the circle S'.

P Pl ) 140/220

Its fundamental group is Z which is an abelian group. In particular, all its subgroups
are normal.

The classification of subgroups of Z is easy: if H C Z is a subgroup, then if H # {0}
, H must contain a smallest positive element

n:=min{h € H : h > 0}

Since H is a subgroup, H must contain all multiples of n so nZ C H. Conversely,
if h € H is non-zero, then h > n. So take the euclidean division h = a.n + r where
both a,r < n. But in this case r = a.n — h and since a.n and h are in H, r is in
H. We have thus constructed an element of H which is strictly smaller than n. The
only possibility is » = 0. But then h = a.n so H C nZ.

Summarizing, all subgroups of Z are of the form nZ for n € N.

Since exp : R — Z is the universal cover of S', we have shown (see Remark VI.6.10)
that all (connected) covering spaces of S' are (up to isomorphism) obtained as a
quotient of the universal cover R by the action of the subgroup nZ. The explicit
description of the action given in the Remark VI.6.10, seeing 0 in R as the canonical
point representing the constant path at 1 € S', tells us that nZ acts on R by a
shifted by n. The quotient space R/nZ is itself homeomorphic to the circle via

the map R/nZ ~ S' sending [z] — exp(*X£). In this case the cover we obtain



https://www.youtube.com/watch?v=vP7NAeeKjrw
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R/nZ ~ S' — Sl is given by z — 2". These correspond precisely to the different
labyrinths in the Example 1.2.12.

Example VI.7.2. Let us classify all (connected) covering spaces of RP?. By the
Exercise V.3.31 we have 7 (RP?,z) ~ Z/2. This is an abelian group with only
itself and {0} as subgroups. We have seen above that the quotient map S? — RP?
is a covering map and we know that S? is simply-connected. So this is the universal
cover. The only other covering is the one corresponding to the whole Z/2, ie, the
identity map RP? — RP?.

Example VI.7.3. Let us classify all covering spaces of the torus S! x St. Its fun-
damental group is Z & Z which is an abelian group. It follows that all subgroups
are normal and all connected covers are Galois.

We need to list the subgroups of Z@Z. Let H be a subgroup and consider the short
exact sequence of abelian groups

0—sZ-2y7zpz- "z 0

Since p; is a map of abelian groups, p1(H) is a subgroup of p;(Z@®Z) = Z. Therefore
p1(H) is of the form nZ for some n € N. Pick an element € H such that p;(x) = n,
ie,z=(n,a) € H.

Now i, '(H) is a subgroup of the second copy of Z so i, '(H) must be of the form
mZ for some m € N.

Let h € H. In this case p;(h) = a.n for a unique ay,. Consider the element h — ay,.x
in H. It follows that p,(h — ap.x) = p1(h) — ap.p(x) = ap.n —ap.n =0. So h — ay.x
belongs to the image of iy so it is of the form kj.(0,m). Therefore, any h € H can
be written as h = ap.x + kyp.m = (ap).(n, a) + kj.(0,m).

In other words, all subgroups are of the form,
H=(n,a).Z& (0,m).Z

Now Z & Z acts on the universal cover R* by translations: if (n,m) € Z® Z and
(z,y) € R?, (n,m).(z,y) = (x+n,y+m). In particular, the cover associated to the
subgroup H is obtained by identifying (z,y) ~ (2/,y') iff there exists u,v € Z such
that 2’ = x +wu.n and ¥ = y + v.a +v.m.

e ifn=m=a=0,ie, H= {0} we get the universal cover of the torus, ie,
the plane R?,
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e ifn=a=0,and m # 0, ie, H = (0,m).Z we get the equivalence relation
(z,y) ~ («,y) if ¥ —y € mZ. Tt follows that the quotient R*/H is
homeomorphic to R x R/mZ which is homeomorphic to R x S! via the map

Rx R/mZ — R x S

sending [(x,y)] — (z, exp(%)). The associated covering map is then the
map

RxS!— St xSt
given by

(x,z) — (exp(2miz), 2")

eifa=0andn#0,m+#0,ie, H=(n,0).Z® (0,m).Z, the quotient space
R?/H is isomorphic to the product of the two quotients R/nZ x R/mZ.
This is homeomorphic to a product of two circles via the map

R/nZ x R/mZ ~ S* x S!

sending

2max 2Ty
), exp(—2))

and the associated covering map R/H — S! x S! is given by

[(z,y)] = (exp(

S! xSt 5 st xst

sending

(z,w) — (2", 2™)

ie, the product of two covers of the circle.

o if m =0, and n,a # 0, ie, H = (n,a).Z, we get a quotient of R? under
the equivalence relation (x,y) ~ (2/,y’) iff there exists k& € Z such that
2 —x = k.n and ¢y —y = ka. Using the change of coordinates R?> — R?
sending (z,y) to (u,v) given by

()= (% ) 0)
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the quotient R?/H becomes homeomorphic to the cylinder R/Z x R. The
associated covering space is given by

RxS!'—S'xg!

(z,t) = (2" exp(2mit) ™%, 2% exp(2mit)")

e Finally, if a,n,m # 0, H = (n,a).Z @ (0,m).Z we get the covering space
St xSt — St xSt

(z,w) = (", 2%w™)

Exercise VI.7.4. Let X be a path-connected, locally simply-connected space with
fundamental group isomorphic to the symmetric group Ss. Its order is 3! = 6 = 2.3.
By the first Sylow theorem S35 admits subgroups of order 3 and subgroups of order 2.
By the third Sylow theorem, the number of subgroups of order 2 must be 3 (corres-
ponding to the three transpositions (1)(23), (12)(3) and (13)(2)) and the number
of subgroups of order 3 is 1 corresponding to the, corresponding to cyclic subgroup
generated by the permutation (123).

By the second Sylow theorem, all 2-Sylow subgroups are conjugated.

By definition, order 2 means index 3 and vice-versa, subgroups of order 3 corres-
ponds to subgroups of index 2.

Since the degree of the cover coincides with the index of the subgroup we find that

there are precisely 1 isomorphism classes of 3-sheeted path-connected covering spaces
and 1 isomorphism class of 2-sheeted path-connected covering spaces.

Example VI.7.5. Describe all covering spaces or RP? vV RP2.

Exercise VI1.7.6. Show that any map S? — S' is null-homotopic. Hint: use the
lifting criterium for coverings.

Exercise VI.7.7. Construct a 3-sheeted cover of a surface of genus 2, ¥, — ¥.

Exercise VI.7.8. Show that the torus is a 2-sheeted cover of the Klein bottle.
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Exercise VI.7.9. For each of the following pictures of a cover of S!S, write down

the respective subgroups of the free group with two generators (a, b)

b b

Which are Galois covers?

Exercise VI.7.10. Consider the kernel Ker of the map of groups (a,b) — Z/4
sending both a and b to 1. What is the covering space associated to Ker?

Exercise VI.7.11. Let GG be a topological group with unit e. Suppose that G is
path-connected and locally simply-connected.

(i) Show that the universal cover G, admits a unique structure of topological
group such that the covering map G, — G is a morphism of topological
groups.

(ii) Exhibit an exact sequence of topological groups

1= m(Ge) =G —G—1
with 71 (G, e) endowed with the discrete topology.

(iii) Show that the image of 7, (G, e) is contained in the center of G.
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