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① review of singularity categories
and Matrix factorizations



c) Review : singularity categories
31

↳ sing &
MF

Narrate of this talk starts with aThuan of

Sekine

X scheme is regular
⇐.÷÷÷÷

Rmd E always
*
( need ox C- cohb (X) ,

⇐ regularity
automatic inthis talk)

keyword : X Ryuk ⇐s Any ME Cohen)

admits a finite revolution by realm bridles
o -Poo. . . . pz→ p ,

-1 Pot M
-

C- Perf (x)



trikes? 41

Ls Rf Cx) E Dbahcx ) ok

( oyer)
↳ what is the exes ?

Definition : singularity category := Dbahcx) (Verdin+ quotient)

(Einsenbud) : suppose
-

X = Zero locus of a function
n ' ff (hypersurface )
U- Al

'

Freeth

Then one can control the e :
free ah If

I p-spn.no . . . pz→ P ,
-1 Pot M

⇒Pn,ftp.TPnfnti-
etc I C- Perf (x)

formula✓ → (Auslander
infinite length but 2- periodic
- BIchsbaum)
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Definition (Einnbud) f s
So

MFCU,f) = { aT P
So5- motto .

-

si

g,11g,
byf f

category of nfahjfngtions y2M°
theorem Color) eatery mj

Perf (x)←Dbcohfx)
→ sing CX) .

§n⇒ . . . pz→ PT' Po) ←, M ,-7 ( -8 p)- a -
C- Perf (x) 81

-

2-periodic
'

infinite length
"

In patiala , by serene

MFCU, f) = o ⇐ X smooth

controls theirglorifies



Exempt ; ( Kniirner periodicity)
"

-

def
MFCAR, x't5) = MFC space

)
,
O) = 42

-thighs
¢

2pm
-
Taita equivalence

MF CAR, Tty) = MFCai , N)
D MF (Ally?)

I
2 -periodic

(Thom -sebastiani Reygel)-
-

--

so
,
where is this going

?

Speer a spec (RA )

Dy¥ff/ReIl gegen
local ring

g.
cobian

HH
*
(MF(speech,f)) ⇐Ry

ring

^-I (
2,f . .. . .

2nF)

coinnanatjeehdd dink )
explicit

computation
by

compact
genheth

4

nF

10 min



Efmcv,
Dyckerhoff

z,

Finn.i⇒.÷÷iperiodic pg Sabbah ,
Konskvich

cyclic ( cohomology of vanishing
homology qceegyz period29

(Conniff Yagan) off + monodromy action

-

Main result of this talk ( I
#
formulation)

Galois -in

l÷÷÷÷÷÷÷÷÷÷÷÷:D
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② Motives of singularity categories



2) Notes of singularity categories 91

-

z, Digression : Nc -Motives (Kontarich)-

↳ previous
talks : eohomolgiccl

( (Taboada; cisinskitfabhuada)

Thistalk : " homological approach
"

f CR .)
Motivic Al' -Hmt theorycloserTo Mael-Voevodsky -

idk
smj IT sits / o -category

Morelvoevodsky ,

Pef f :
I

= dgcots-g sync -D Ab
NC-spaces: op ?

Mog
-

often Toeuodsky so asks
(No dualyotion needed !) so



Uni Morel - Voevodsky
'"

think) €: Sms
"
→ SHE is universal

among
Those symmetric monoidal functors

⇒
÷÷⇒:÷÷÷.

• F ( Nisnevich corn) = Pushut Square

• F ( xx Ai) = F Cx) (
Al
'
- invariance)

•
Ffp:o) eofb ( Fca)

- FLIP
' )) is ⑤ -inrutble

-

His;)
= ④

Smi 1- D
K
.

.

.

-

"

SH
'D ⑤



b. finite "l
construction
-

i

✓
cellular

• Ncspacs = dgcetf.pe objects

° Nisnevich square of
h's T

'
-0 U '&:c::÷: ÷÷÷÷÷÷.

inthis sense . wigthpadgenrds
ex :

perf (Nisnevichsgure )

• Aino = Pof CAI
') FCT RYCAIYIFCT)

Ei-ntymd-pglultopg.lu)
•

'P'
no

= Page ,py pyfiplp) ④
-

inrntke

Informal
wire
" Point"

D f conduction
Nc -spas-s the

g
-

Nc ← same oniv.nl potty



121

Rmd : SHnc④ defined This way is PrQdod
to the Vinson of tubuada's talk
I sHn9=Tm4M%sD

upshot : go ⑤

Sms- SHS

III: Lag
on He n

."

Efc &

Nc-pass
- s#no

,
s

-

YI(Taboada; R .) Hom (EET , Inc) -k¥1)
sHnc

ring schlichting
in particular : ✓
-

SH KgH=
Motivic spectrumIwaedhausen

Lf fm Representing

| SAKAI
"H"" "h%

and M lands in KIModoles

s the# Modkit (SH) SH
zone.
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⇐ Motes of dy - categories
""

construction :
-

op op
Hoff,Dnc)

TE dy -at = Nopal
-0 Sthc→ she

=
E: IMl¥(Notation)[Ty E press,Hoggspot

↳×-monoidal
= KH Reft) )÷÷÷i:÷:÷:÷÷:She 11

Maps ( Pefcx) ④ EIT , Dnc)
II

KH ( Pefcxs.PT)
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Exude sHx

p # smooth sohu.IS - Ipx

[Pefx] = pxkttx sits

-

six operations

(cisinfkeo-Degh.se/fnsH
-
-

Definition XIs , XIs
f- Al's

- faction

← Xo=ff=o4

sing(Xo) Edgars

Motvngsingcxoj.yfs.mg#IlModkHGH
) encodes KH (sing ⑤ Puff))
-

1¥' ingredient ok



Puli MF : Pains -7 2- prriodic
'T

( u,f ) dy - cetegs( fi eqoidalcthom-sehost.milunit = ( a , o) 1-
MF Cx, o) =

2-periodic
carpets

⇒ @Flu,fTf= @ing Xo) is airmobile
9 on

action [MFCX , O)]

§oIky : [MFG,o
)) & Ginga,oD

⇒ Ging (Xo)] E 2ic UH - modules

in SH

--



• can we compute fsingxo] ?
'6 '

setting :
✓
4AM)

Xo - X - Xn s( rt I :*; fitness
od
hit

-
-uniform

,

Zp

Al's More generally

construction

( "I'd
-

IH = whawlygth
punctured disk4iommIeagwasHaiIion.an@wggllonoE-faotouofI.L.s.motivic

purity /
✓ generator O in degree C-1)ED



• IHH) acts on H' Hs)
'"

(putback)
= multiplication by 0

• H' (x ) also acts on H' (Xn) Cspecidgclion)|i÷E±:iii,H'G) g H' (Xo)

- n-

← : can Repeat previous construction

with KH - modules

IHYN) FYI: →HI, ( xn )
monodromy action

3. a min
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Preposition
-(MFK,f) ]=hfhn HE THE.HN ))

monodromy
Comm . alpha object

• key ingredients . I
-

" symmetric monoidal
a

category

1) HI G) quit = ffsingfs , o))
un -

uh of . punctured dish / 2-periodic

isogametes
2) use the exact seguene

( Pefxo)- [Dbahxo) -Ging Xo)
t oft"

MG -theory withpokHxo ixi !KH×
+ support 0¥
Devissage I
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③ Relation with vanishing cycles



3) relation withvanishingly zg
3-D vanishing 445 (Milnor , SGA)( Ff Xo Xe

AE

city
?

C-tuple : I→ ¢

-B" ''t

'

: :
Tj

o -it

collapses -I 2

Conroy : fd→



conduction :
×.

-
''te "

around r

.

"
o'

them (soAt) a↳ Hsing (Fe , × , 2) is a

go.sn:X: x . can:{ith ④② a c- I sing (Fe, × . Z)
is alay

the stele of a sheaf
on Xo ,②

sheaf of vanishing
cycles



③ exact sequence of sheaves on Xo
Z"

2x. → 4 → Uµ rrcxo.ie) -- it:÷zY÷¥m
RP ( Xo

,
V) = : vanishing ayes

fact : Xo smooth ⇐ vanishing ah = O

--

Moreover
- 2×0 - 4 - V( I I.nowmy ^"""

on

exact sequence of sheaves on Xo



Intuit : we want to use

Z"

the l-adic / Motivic version of this construction€:* : "" i
n

construction
-

:

de ,×o→ Ye →
Ve / Uxo→ 4mi- knot

Tallith)→ Gethin)
exact sequence in Sh ( Xo Xu

I )
de

exact sequence
• I Golf51 mum) s Gdfntn )- Geller)

ie.
sequence of Cle!! -modules 40mi.
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:

fee,ph±= H'Chi)Deligne de
-soaag.mu?ssosteM!I#q:iYoiiYn=s'

.
: mime .ve.

C'(s
'

, ¢) = ¢h2'
---_

Construction : ( Ayoub , Cisinski -Deglise)( l- adicfureanisaton SHEE shag

them ( Ayoub) the formalism of vanishing

cycles is compatible underthe f-adic Realgction( sit# shoeL na
Q -coefficients



3.2J Singularity categories & vanishing cycles
'T

H
-n

dy -at→ sHncs→ SHS

-
c., /"

-
-
- o Modi# (SH)

Riou (f - filtration ,BoTT-periodicity) )@
R4HH)=⑦QeGK2n]
€2 n

Modise guy,
(shoe)

2- puiodiged
notation

l -adic wh .

96)

11

Free ( QEGDG))
Ea -ageha



JMaintheaem-CBlanc-I.tn#z4HHeKsingxo7)) Hae ( Vh D8)
Shay

Motivic
~

singularity Motivic

categories vanishing cycles
Tatezriodged

Roof
-

i

keyiT = isomorphisms of alytus
Reginae qeiossu.de

Recsingcsol] - Ha:(n) e- fee
.
! -76)
un

g in

motivic Galois

singularity action

categories monodromy

+ Playing with exact sequences
- Paf - ah - sing
Sae - Y - V D
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hoick
⑥ Sirree necent nenets



4. t) Pippi 's Phd thesis 281

( arxiv 2006.06301 )
Ail
--

-0 Extension of this results to (X , fi , . . . ,fn)
-

I multipleNew ① functions
Definition of

②

Matrix .

÷:÷÷÷n÷±¥i÷÷:}
Comparison%7rof§iecx.it#-svaghiasehij8

Orlov & Burke-W for a

sing fit)= sing (IPI;I) 8197946. of
sect-otofaliybndy

a line bundle



HI Toth - Vegzosi Program to 291

x. If 1¥
,

""h conductor fume,

-

over ¢
-

Deligne - Milnor µ -

hunter

- Nxt) -XK.)

-
" "

dim of Xlt) Xoxo)
Vanishing
cycles - exact#

sequence

z×
.
- Y - V

ovrkp-coitmeticpgdig.ge?ogectvI
swan tie = X( 4) - X(Cle,×o)
conductor #

XCV)
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lax

( -JI is tsymwetic monoidal

H

x (V ) = x (Vt)
111hm

xc@tHToin-Vegos.compute ACHED and
show X (MF ) = but swear

(theorem when I acts unipotently)
-h-
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Thank you !
-


