
Donaldson -Thomas invariants

in Aossois (OCT 2022 )

_Ñon (Damien)

Cassoninvaricnts : ( in different geometry)

M compact oriented manifold
dim 3

Assume M intyEne .

Look at

RIRR (re) = Hom (it, (M), so (4)
on ↳
moduli of

repuuntetbns %yyaygµ,"stabilize = -2 (5%1)=2422
Tents

the only irreducible hep is
the trivial one.



The is a decomposition of Mi

M = H
,
I Hz Hi

,
Hz are genus g

2
(*) handle bodies

E boundary sphere
-

g
has to be throne

↓ fr H
, , Hz & [ .

Van kapem

Rim (M) → RITH ,) / is a merited

↓
t

/ iz
Rimet, Rim (E)

'

w

manifold
is

Mm :
one can prove that ¥

& iz

are submanifolds '

dim
,

6g -6

claim : Rim (E) is a symplectic manifold

and both
Rim (H ,) d Rim ( Hz) are Loggins

!

3g -3



caisson :

M) = £ ( intersection
number of

Rim ( H) & Rim/Hinvariant

~

in Rim(E)counts the

points in
theintersection .

Rim(M) ↑
problem

with

transversecity .

claim : this
number is independent if
the splitting (*)

claim : one can prove that
these are

oriented

manifolds ( Wr _ . - nw
is a time)four3-9-3

GIL : Do this for
bundles /shears on

Calabi -yaw
3-folds .

[ problems : - infraction theory
- the splitting (a)

does not

exist geebdy in general
.

(not glehdy a Lagrangian intention !)



yetttnothercpproach (via Gauge theory)

(Sulz))↳
identity pep.ge#--fletanneetins-

google.name
.

Conn ( M , so (2)) = Connections on the
fund principle SUCH

-bindle

= { dt A / A c-SYM,swap

Define a fndionalonthispae
:

actions
: Conn (M , SUCH)→

IR

dt A 1- fmt(dAnA±AnAnA)3

0
action of

CTM , SUCH)ge



via g-
'

( dt A) g = dt g-1dg +g-
'

Ag

÷

claim : F C a constant such Thet

Scott A) = s(d+ A) + c•Z

⇒ ds is a well - define one - form on

✗= am / n'
a)

we can compute the tangent of ✗ atagren

connection F- d+A

Tas ✗
≤ R' (M5¥m

Computation : ds=o ⇔ fletconheons .

→

{ it , - rap / ≈ { feet - connects } =
Critical

points 45



Issues when trying to count the number of

critical points of S ,
but

_
this is possible

theorem (Taubes)

Casson invariant = 21€ {ds = ◦4)

Issues : ①
• ✗ may

not be a manifold

② • trmsvwrdity of the interneton

dsn / 04 in TX .

Talk4_ :
Thomas paper

about holomorphic

analogue of this story
replete

n → ay 3-told

SUCZ) ¥
"

Gcn (4)

Trivial replace
principal
sucz)

-
bindle → by any -

bindle of
RonKh

.



connections (011) - connections

Action

frictional
% S (Pt A) = T2 Gantt

{ANANA)
A is

catty ~
0,3
- form

In - EYE
con wedge
with R

counting ←
this can be ←

ds=◦
'ʰᵗ¥

serene
hoÑ3
four .

is the duality

first definition +Cc6bi-"of DT- invariants

R¥a pin. this does not use
the synergy

of the obstruction theory _
to be defined .

However
,
to

show independence of the choice ,
we slow thot

all symmetric obstruction than's give the

=
save number

.



• Back to problem ② ! We are in the

following genuelsiteon : (algebraic geometry)

C-
vector bindle

s Ed
✗ ZG) Is ✗

Expected dim of 2- = dim ✗- Ronk (E)

G)
Intesection product to get a

class in Hdinx-nk (f)

Construction :

Liz = ( Iz/±z→ᵈid✗)
∅ ↑ ⑨ kid

"(iE"
- ER;)

take v a section of Er to no fixed
if we

want

the dignan
to
commute .

/ v1-
d ( •Nos)

this is an exuple of a perfect obst . theory



inpatient
• Hot) is an iso

* H'
'

( ∅) is suyeetve
-
Talk #2 and talk # 11

~

interpretation
in

terms of
derived

✓ gravity .

5- = cotoyenteoupbx of the dented

2h0 locus of S .

RMI : If the prefect
ohntucton They is syncretic

( FV≈ FED) then the Viztod fndanatl

class is independent of the choice of 7m¥

pufeetobsti.tn#
( Except :

derived Lagrangian intersections) .

¥



• Back to problem ① : locally around a

-

flat connection , efkptculm.ly
tells us

(the pole thatThet one con

computes ds=o)
find

( ☒bi - Lagrange egiettns)
"critical chats

"

, =

( became
items froma) ?

ie defending
d

lowly honiorfbi' Cdt - -1

Ids = ◦ I ≈ ④f- ◦ {
fr f defied in

some U Whn U is

actually a manifld .

critical
virtual

manifold
/Kien

-4)

Dabou✗-lemma_ . ↑

{
"

◦
d-
ait:D

loans
Gaye)

talks
6 &
"

s
gives

rise to a symmetric semi -pifeet
me

obstruction theory .



CategaifN- : ( talks
627)

+ derived symplectic
approach (last

approach)

u
f- IR usmʰ .

Grit (f)= { df=o4 has a note/ derived

enhmuwvt doutf)
I

dived intention is C- 1)
poyvectns stifled

I

yyuete.iq?mTTiD,df)-=0dmtH-intuits
a

Hodge S4 assuming we poisson
are in the structure .

⇔ dyfente settingquieter
.

I U orientable

C-
'

sy-Gia),-ndf ) [
dimx]

~✓

nisthedefene
""

1- d# defamation

twisted derharaupeexi, a
pʳmᵈʰ "

defamation of 0dwT_ .



-

extend rains to haiku-1.

theorem : (Sabbah - Saito) this coincides

with the sheaf of vanishing cycles of f.
-

defined onthe any locus

but supported on the
aitncl

locus

( conjectured by kontsevich- soibelmm)

Robles : there is a gluing problem untied by

a 2122. -gabe
orientation data

.

Guen

orch an
orientation data we can glue these

twisted derham coupling .

Rink :
in physics papers on the subject ,

physicists compute intends such as fxet.mg



d (efts) = ◦ ⇔ * 1- dfnd + dd=o
~

(dt ±df^-)✗=o
-

twisted
de Khanfelt? in dissent

±
use stationery phase method

= [ something Thet depends only

* c-ait (f)
of the

behave at a .



teK2_ : Viiktrd fundamental classes

after

BEi-E-ehikontsevich-nanin.co
W - invariants should be amputed

as integrals are MgTn(X , f) .

Exempt :

Nd = f evi Pt. - - - . . eyj.pt
in Ñ Gp2

,
d)

Urus of defied
7 3d-1

of genus ◦

passing through
3d-1 points

ingenue : µ_g,n(×,p) can be singular

( have the wrong
dimension)

sohetonindiffhentic-geavetyixpr.tnb
"" the moduli

space to
make it smooth

"



Solution : Construct a virtual fundamental class [my
""

CMT
""
c- Aviztuddim (M)

↓

Hard (M)

[MT
""
constructed by [

Li -Ham
,
Behind - Fontechi]

(95-96)

moduli

input : obstruction theory on M / they

C-
•

→ LIM (Damien's
talk # 1)

↓
output : [Myrie

1
better : enumerate invariants fgyyvizt
output

(this talk follows the survey of Pandnipmdethomo)



1) Local model : E rank =R

she t

Mi = 2- (s) ≤ A swath dim = n -

w

ghosts
.

idedcase : S is transverse to the Uo feet-on

I

Zcs) is smooth of dim IR

lessidedase :
3- splitting C-= E

'
① Elf '

and s = (s:o) with s
'

trmsrnsy intents
✓ ovation on E

'

inthis core

ZG) is stillsnooth but
the dim is n- R

'

where R
'
= Ronk El

s
so
,
not the expeecteddim .

smelt
idea : perturb s to Cs! E) = se E - o -perturbation



In this case 2- (se) ≤ 2- (s ) ≤ A

then
[ zag]

"? = [2-(se )] c- H2 (nm)
(M)

#
←* (Eto) n [ZGD .

idea
:

defined
it as

top deanthedage"
'

class

Mongering :

[m]
"? = of [ Cs] C- Ann(M)

Eaton

^

ts

- A

{ t → to



(intrinsic Cs is pure §
←novel n - dim .

are) ¥#qa
Cs ≤ E

we
wantto

idea :@
intisik Version of this case using

"

infinitesimal

data
"

pen
dslp

0 -Tpm → Tp A- Ep
-

obstuediowtheoy .

Che eokennd of TPA
# Ep) : = obstruction bindle Ibs .

② (Perfect) obstruction theory : xschevg.cn DM
sick

cotengentcomplex-idx-TVFunctou.ch#:--efky
→ f-→ If → ◦

D-× : =
LEFT DERIVED Functor of Rx

in

DCX) ( darned cat . cfx)



• f.
◦ (4) = DX

• hills) = 0 for ii> ◦ (
✗ a scheme)

• fnctniclityindenved-tyais.fi✗ -y f"4× → Uy -4g

• ✗ smooth ⇒ 4×≈ RE

smeeth

,
µ = [ -1-4-2 →RA /×]

• ✗ as A

Regular

Definitions : An obstruction theory
✗a complex

ÉEDCX)

together with a mop
C-
•

→ Lix meh that

• h° ( ol) is an
iso .

- ti
'

( lo) is snjetve .

M

Rink : Moduli spaces usually come
with obstruction theories .

sine th = Hom ( Spee (46%2) , M)



Exempt : M: = Mops ( C, X)
↑

cure smooth Mxc
I

✗

peyote fit
to m
obstruction they
É=Ñ*(er¥)✓_∅oL×

cenpliated
to

construct if
we
don't

know
Thet

C-
• is

actually
the

Cotgntceuphx
to

If we

a
awed

enhancement
use

denied ←

garnets
¢

g.
µ

mopping

Ames
FM M.

factuality ntatop
for couplets.

Definitions : É∅→L× is a 2m perfect obs .they

CPOT)

it locally we can write

C-
◦

= [ E
"
- c-

°]

Rmd : Rink (E) : = Rnk (
C-
◦

D - Rhu (EY
Ip IP

Ip

is a locally constant futon .



theorem : ( Behrend - Fmtechi ,
Li -Tian)

If M has a Itesm pot ,
there is

[my
""
= [M , C-

°

-14]
""

c- And (M )

d

vd÷Rmk(E•) Hz.vidim.CM)

in thisted :

"

stack É locally looks like [Had

±⇔÷a⇔ ⇔ .

is a stuck V- M 1¢ - M) That locally

looks like a quotient of two
vector buds ¢G/Eo☒

( resp , [4E]
core
{veetebnde
)

w
in the sense

of Fulton
.



Definition /Proposition

• PÉDCM) with f ≥
◦

(P) = o

then there is a cone stack such that locally

E- (P)! [Po
→ P

,
- Pz- -

- - ]

c( F) = [keʳ¥] = Geno (B)

associctedconestuck :

Claire : if F is a 2-term pefeeThay
then CCF) is avectrbndl-stuh.CC/c

)

E- Ux my e (LK) - C (E)
"

Nx

.

Tanel
stef .

then (Behrend -Fcnteehi) : CCG) is a doted embedding

Problems : N× is not pure
dimension (✗=M)

¥ a intrinsicnanette



intinsicnovuolshecf : locally modelled on

open

u ≤ M erhu ≤ Nm / u
↳cdb mgvhtfdaed dyA t' Ils

Freeth
[G%¥[Nulatalu ]

FA : FM is pure dim
0

Definition : [MJ
"? = 0

!
([ En])

⑨

to"Y÷÷¥¥e⇔
• M smooth

,
[M]
""= crop ( h

' (E)J ncn]

• (Mano tache ) fire → N
withneletrep.o.IS

f
!
: A. (N) - A. 1M)

and in some cases
, f

! ((NJ
""

] = [my
Vit

mm



• Siebert [MJ
"? [ s (E) ^ G- (M)] v. d.
in on

Segre Fulton's

class class

• Gaber-Panda-iphmde.INT
2M

then [M]
""
= Something on fixed posits MT

• (Kiem- ti)@section locchgctiw)



tilk#3 : DT -tyae invariants after Behrend

Motivational exewple
-

:

✗ 3 Cy ,
smeeth / Mofette , w×≈0✗

Iff : = moduli space of stable sheaves

popr
-

can construct a POT on MSF

using
the Cy

condition
,

this Pot is symmetric

Definition :
A perfect symmetric obst .

th
.

£0T)
in DX)

is a
P

.

◦T E
.

→ ↳

+ 7 quai - isomorphism
E = É[ I]
7

with spa] ≈ 7



alk#2_ ⇒ given
P.

0T can

constrict virtual fond .

class

[×]
""

c- Arne (X)
1 ^

RUFO- RUÉ
'

NI : If E is also symmetrical , then

RUE = RUEVCI] = - RUE
✓
= -RKE

n
*

RUE = 0

s
since Msf is proper , we can define

=

DT-invariants : = f 1 = deg [ME]
""

[ ME] via

6

ingenue
,
can define Dttyiseinvaunts

on any
5.0 .T



Behrend 's Rain result is Thet in factwe

do not need virtual f- ndanentrl classes
to do

the counting :

sche@thn_CBehrerdXpoprwithS.o.T
son is finite,
- be%IpccT

then DT (x) = Xe(×, 4) =[iXfk=iD
ic-21 Support

where & : ✗ - 2 is the Behrend futon
-

Mainresuets :

• DT invariants do not depend on the

choice of The 5. ◦I

•
This allows for a definition even when

✗ is not prom .

• this leads to Joyce 's categorisation of
DT -invariants .



Eagle : when ✗ is smooth with s.IT

then [×]
""
= ctop ( H' (E)

") ,na]
IS symmetric obst
#TE) , they

• ✓ / IS p.o.tlCorfu ✗bew¥É•eY¥¥? 1+94×7--54
and
WENT ~

etp ncx]

In this case

☒ = foxy! = £
check)=a↑%,dMI)

= C-1)
•"✗
✗ (x)

Gauss - Bonet Ibn -characteristic

tocdr-ndrlfrBehendtaouputtvixci.ief- ¢

~

aitcf )



this has a natural S.IT gf

E
=
[Tu

"

Rih, ]

Jeff Hid
↓
tix = [1=4-2

→ ihlu]
ñilx

-

Symmetry comes fun the1Tu=(Rj)
"

symmetry of the Heh

CÉI # six ]
V

④ ¥0 #)
0 I

Behevd'sfnctioN_ :

steps : Milnor fhr = BE (P)
-
Milnor

f.bratp
.

f-
'

(o) a U

☒ ← FI ✗= wilt)

8- ¢



peart :
Vxcp) := [1- ✗ (MFCP))) G)

dinu

Gupte :
¢2 -4¢ oityz

Critf = 0 NF ( f. 0) _- 5£
~

milner
8h/

V×(0) = I

Exup ¢ - ¢ wtf = 204

9e-
É

•
here
thereto

f-
"

speech"¥)f.
'
= 3×2

~

In this case

MFCO) = 3 points
(
w%¥ )

2×61 = C-c)
di" ¢ [1-3] = 2

{ connoted
•
wpovents



I

Vx cents the point 0 but

with multiplicity 2 (which is

also in this core
the scheme theoretic

multiplicity speech%)

step : ReHhigyles

∅g (Q [din UT) E Perv (40--5%1)
usual

definition
of ←{ thenstwcthl

shof
vanishing
cycles • is actually supported on the critical locus

via

wᵈ"ˢ
• It
* ( ∅gEku) ) ≈ HIMFcp), a)Ip

• Vxcp) = ✗ ( ¢fQ Cdiuu] /p)



= [ c-IT dim ( it# actual)
nc- 21

Rmk

fyu : these perverse sheaves glue on
✗ to a globally define pewee

sheaf .

back touxepls

eagle ¥2

∅f = Go

exude 23

01g = Qi

o fret
-

on

exude : U- ¢

Ux (P) = C-c)
dim M .



the General construction

local
const)2-CX)-
w

w Euler

integral obstruction coustuedhle

functions
cycles (Eu)

U

✓ 1-
✗ -2

-
dimd prefect)ns(µTp

d-
'
G)

ri-NashBlow up
locialmnodrli

✗↳ Nemeth
↑# Det :

dint (d)
€1M

q :-, [G) meet(d)• IT~

normal ☐
C'≤ Cx /M

cone 2- (X) inedible components



Definition : Global definition of Vx

Vx : = Eo ( ex)

TÉgonfnsiy became we don't seem
to need the S. to defy any of

this .

Properties

① this ages
with local model by denied

aite locus .

② If p c- ✗
and ✗snath atp

Ux (P) = a)
din ✗

③ ✗
f-
y Smeeth mphivm

then fwy = G)
dimMY Vx



≤deascboutthepwcf :

① singular
Gauss - Bonnet

(Mcpherson 's theorem)

For

vezcx) I
fx e%) = ✗ (X ,

Er (v))
~

Cheon-Mothe

class

defined in terms of the
"Nash
Blow up

"

A

AK)

Preposition (Behrend)
-

☒vii.
= %! (c)
blue [= £1m in the lool

model
.

③ commutativity of



:*:Zcx) % eons (X) ⇒ ↳ (M)

(xx) ⇔!
A
◦
G)

☆ apb

↳www.

É!÷:
to show

thatit is supported
on ✗

Eu cc

Cx↳ Vx ↳ y¥µ← key fact
is to

showThet

cis

Lagrangian
.

Fndty : the commutating of 66)
eommettwty of

166)

implies
t

☒= Sayin = ↳ima,=£e%×)
↑

µ GuessBehinds than Bonnet



- ✗HEEDin patch

SIT is needed to define fqz :
-

but one can show that in fact

the revolt is independent of
the 5.0T

=



Talktthti Holomorphic Casson invariants

Plain :

1) Defavetbv of shoves , sketch of
moduli problem

2) stability for schemes

3) sketch of DT - invariants for EY
3-told

PATI : ✗ a smooth scheme/¢

to c- ooh CX)

A¥Éig sheaf For
✗xD

where D= Spee (49%2) web that

F/
✗✗zoy

≈ Fo
. ,
and such that F

is flat / ID .

More generally , ahy 9 coherent shear on ✗

is an ✗✗B feet our B.



Proposition : To c- cohcx)
.

then

{ infinitesimal defaults } = ETI (1-8,15)
of Fo

sketehofproof :

suppose we have a defamation For X .

with F flat / D. • then we have an exact

sapience
on
ch (✗✗ ID)

F
¥ -5- Et - 0

Ii IDXX
- ✗

*

0 - it Fo
-F - it

"

Fo - o

on coh (✗ ✗D)

ñ*=c
"

- ↓ restriction
ixd

0 → Fo - F - Fo - o on ✗

given an element in Ext '(Fo ,E)
✗



Conversely : Given

[ o - Fo
¥ - o] C- GT'(Fo, E)✗

Then Fo is an Ox
-module

* Want
to

upgrade
to g-e Fo the sheathe of 0✗×i☐

"

0×104%2-
-model

let t act by ior

and we andy .

.ci?gin)--0..-obstuectiows-:FdefavsTo our ID
.

let D
'
: = Spee (1%-3)

Answers : obstructions are classified by

Ext } (Fo , Fo)

I



suppose
F- is a 1" adr defamation of Fo .

and F
'
is an extension to D

'

* eoh

2 →

ID
_
- F-

I
D) _

-

'

'

F
'

then we get a
short exact Spence on

cohcx✗D)

O- ETO - F
'
- F- ◦

but we also here another

i i
◦→ t?Fo - tf- tFo

" t t

◦- EE - F - ◦

Fo

f in



↓

by restricting to
✗ we get a

"
class in

a
#

ExT×
'

(F
,
Fo)

which restricts to the
class of FEET'(Fo ,E)

✗

t
this is part of a long exact squire of

GT groups i

Ext' (F)To)→ GTI (Fo,B)→ Ex# (15,1-0)

e 1- eve
.

lifts to 1Eur
second
adr -

- - - - → definition
itf-CeiI%s% !)



PARI : stability

•

✗ peyote smooth /¢

•
choose ample line bud 6 Ox (1)

• H : = Ci ( Ox (l))

associated to any sheaf # we
have an hiebert

friction

PCF,t) = ✗ (-5*0×47)thuGeme)tiIi'i-
ant
" t.a-n-y.tn

- It - . .

Definitive : slope of the sheaf F

ii

MH (F) = Annan



Fact :
# (F) = ¥=¥¥

"

comes from
Hirzebruch _Rieman

- Roch

Definitive : F- is slopesemitbe ift

t short exact sepuncs (
non-trivial)

O - A - F - B - O

then

Mit (A) I it (F)

(if dim F =
d-B) Thenthis is angular .

Properties

① slope semi -stable ⇒ torsion free

② semi - stability is an ◦pen= condition .



③
"schuz property

"

("sake endayhsmj)

f
ippon

F
,
G stable"%ÑÉÉ own doss

then Hom (F) G) = {
° F≠G

d.Id
,=
FIG

Roof : suppose we
have ¢ : F→ G .

We can factor as

0- tune ¢ - F - Im ¢
-0

since Fissthle
µ # (F)

< # (Im ¢)

but we also have

0- Inn ¢ → G- Cola ¢-0

then
# (±m¢) <MH (G)



but we have assume F & G with

the same stipe → cenhadictow
.

I

Either 4=0 er ¢ is an is orphism

-=

Property : the moduli of stable sheaves is

Sfpacted :

Rod :
let Fond G on ✗✗All

,
Ft
,
Ge

stable Kt

with E- = Gt

then F≈ G fer dit ( in Patak)t=o

§ computation

a-* Hem (G) F)
is a line bindle

( become ofthe

previous
uuelt)

away fun 0 .



but Hour (G) F) is tension free

so t* Her (Gt) is tension -free

hence a line bindle on
Ai
,
but all line bndb

on Aiae¥d .

I
Pick ∅ C- P(Ai, HomCGF))

.

non -vanishing .

Part tlomphic Casson inv
.

• ✗ smooth peyote CY

• Ex rank R ,
if Rso fixative

bridle L

• F-× Ci C-
HZ "

(×
,
¢)

then we have a moduli space of

sem stable
shears as a. Aztiwste



✓ ML ( ×, ei ) of rank a

deTF =L (fixed
detainment)

them (Huybrechts)
Ci (F) = Ci

Sem-stble

Definition : G and F on Cehcxxs)

are egunlart if 7 Pa
line bindle onS

wa suchthat GE 5-☒ ITP

Ii XX S
- S .

claim : the tangent complex of Milici)

at F is given by the ext
-complex

EI#F)



Sernediity :
comet : RH-omct-o.to

✗

Ext (F, G) = Ext
"

(G Fowx)
"

✗ q
drafty+ CY w×≈0✗
sheaf

£ :

Ext
'

(Fo ,E) ≈ ExT2(Fo ,
Fo)
"

✗

↓ by the P. 0T

formalism of
talk #2

Can define

[ ML,(X.ci)]
""



Talk#5 DT - invariants in CY 4- folds .

let Me be a moduli space of stable = semi stable

sheaves on a CY 4 fold ✗

f E unwind shearedExt
"

✗✗ M

↓ ,
[ Huybrechts -thomas]

cutaway
eE×I°

on_

M why ?

Em := ñ*RHom( {
E) -4T 3 and

not 1 ?
0

✗ is an obstruction theory in the

has non-zero sense of Behrend - Fontechi

f-term
/

NE quasi -smooth ,
but pefeet in degree -12,0]

• For (F) =r EM

↓
hi

≥

/Em /e) = Tm,•=
-6T¥

,-17✗ ✗

f-
'

( Em / e) =ob*=E✗TI(FF)



Following Li -tiann / Behrend - Fontechi 's idea,

if M is smooth
,
then we can define

[M]
""

= e( Ext ) as they are bundles .

(Glee)s
But this is wrong . why ?

exp .
dimension = ext

'
- ext

≥

may
not

be constant in general ,

,ExT2_n@xTYVSernedu_dity.ExT
'
≈ (-5-1-3)

"

(More precisely Ent Erik
] 0=072))

•

HE gala)- shifted
symplectic fun

• using
this
, if rnk(Ext) is even ,

then

Ext
' É¥A ⑤ AT

locally
15 2 sfid

✗ ← theists
(Ext)

"
≈ A-④A-

←E.in?!?Cw



then
,
the comet one is

[my
""
= ± e (A)

Tutor
class

.

in this case

exp .
dim =

ext
'

-21 ext
2

= { ( ext ' - ext + ext)
= 1- ( -✗ (F. F) +2) = constant

whyisthis ?
because of cure

counting they (
Gw)

[6ung]*
Exude :

Let
G- Ip

'
-✗ with ideal IE : -5

Then we claim
¥4 fold .

Ext
' (Ic

,
Ic) ± It

◦

(C, Nc /×)

c-xt4-tg-tcj-HIC.ve/x)+HIgyN-*xsY



Proof :

since ✗ is CY , hifx
, 6×1=0

it
, 2,3

and h°(0✗) = h"(0×1--1

hip
,
Oc) = hi (c) ◦c) = 0 i --443,4

h°(904--1

using
0 - Ic → Ox - Oc

-0

we here
I

- -→ Ext:(Ic, -1-4 → E✗Ti( Ig Gx) - E✗TÉTg0c)

I
E-Tittle

,
-17)

d
Fr Extit '(Ig)
Ext

' C-Tgoxj-E-tkox.IT !
4

11-31-12)
"

no
→ 11-40×1=0

1+404=0



E✗T2( Ic, Ox) ≈ H2 (Ic)
"

= O

Ext
' ( Ic, Oc) ≈ EÉ(Ic, Ic)

E×T°( Ic, a) ≈ H4(⇒
I
HYQI

"

"
¢

✓

0--11-40c)
✓

ExT°(Ic, Ic)
= ¢

Here : Ext (Ic
,
Ox) → ATTIC

,
Oc)

is URI

☒ : Ext
◦

(Ic
,
Oc) =

Ext
'

Ge
,
Ic)

Similarly : We can show that

• Ext
' ( Ic, Oc) ≈ Ext

?

(Oc, Oc)



So it remains to delete EXTYOC
,
Oc)

and EXTYQC
,
Oc)

to GW- numbers
i

f
computation :

Extfoc
,
Oc) ≈ HMX, 49,0d)

IS adjndios ferrule
L :C←×

H°(✗
,
<*AN ex)

IS

It
'

(C
, ÑNck)

⇒ when ⇔

Ext' (Oc
,
Oc) ≈ H' (C, NC/x) ①¥

when *=L

⇒Oc
,
Oc) ≈ HFC, Ñ(Ncx))

( using koszul
resolution) → pg



It
◦

(MN) ⊕ HYN) ⑦ HYOc)
To

using 12N ☒N - NN ⇐ wxowi '

HYMN) = H°( Nhs we)
IS Serre duality

H
'

( N)
"

¥ : ExT40c
,
Gc) ≈ HYN)

"
① IEN)

Is a
☐

RmU_ : there is also a Gauge theoretic Reason

see ④aye - Borisov ) . They use

differed'd geometry to find a deaupositin

Ext
?
≈ Ext}r④Ii C-✗The
A-

and define
[My HBM

,
CMJ
"? euh fr)



Brief idea of Borisov - Joyce

using symplectic derived gravity we get a

local model ( Darboux lemma
! )

(ED
g ¢9s)=o* Js

M 2 U
6 A

540)open

Rmu

¢"" "" " "" ⁿ°ᵈᵈ
""

" """%
A and A

"
as above !

such that
Cds)*

[Tatu & Ef Ra / u]
≈ Em /u

-

bored model

for the
obstruction

[ Theory .

Using decompositionE≈ Gr Bi GR



we here (A , GR , St) g- Sti A- C-
→GR

-

Joyce calls these -Kunanishi

chats of M

Joyce uses
this to define

[Myrie HBMFM)

suppose
R = 2h

.

then

A Cs E
→ Grs is i¥ of

IR- bridles

f
we choose an orientation on C- meds that

the induced orientations on hand GR

are compatible .



Algebraic construction

( finding a lift
to Chow)

✓
Need coefficients containing £ .

↳ Need eoseetionloccbgctiw-i.FIOr

€ { ↓
^ Veotu bridle § context

V Cs V with
" 6T = 0

E'Co)

(V, F, t)→ Cu]
""

c- A. (U)

but with the extra data of 5 ,

A)Fit , 5) no 7 [U]j%A(unZ
inch that the postured

aloyt-hidnsione-I.ir
Rfu]u#



In the language of perfect obs
.

-
th

.

Em -5 OMG]

* so the Z=0Mnh '
[

LM
on

dosed s obstacle

prodrug [M]
""

of M .

but adding 5, ( ¢,5)
→ produces

Viet

[rife A. G)
whose pushfaud to
M gves

back

CMJVIIT
↳

Now lets return to M : in our
local model

(E)g) =@ ①Mq-_pairing)
Hs then s= G. sz)

s
-'

6) =U GA A-maximal

isotopic



then : This gves a new
local model

TEDmodel

frnhet ?)
ÑÉ Oa
f) 52

silo) 6 A

J we obtain

sitar silo) [uyriz
Ashland

" sp
'→ef1ᵗ)

5-
'

(o) = U 11

G)
'
e (A)

~

we define
Vint

[%T4 i = G)
^

[oy
""

of

Proposition :
Em is represented by

T ] E, Eto

⇔
Pat

becomes
a pefcetobs

-

they .

BF
this

C cone .



Now we have pxE=^*Ñ C

tiLf e- tautological

Eto) = M
Ce C

tipic



Talk # 6 -
critical Viztud Manifolds

- semiPo#
CCVM)

( following Kien - Li )

Question : (Joyce - Song)
• ✗ moduli of stable sheaves on Y

dos the exists P c- Perv (x) on X
"

, locally

isomorphic to sheaf of vanishing cycle off
holomorphic

.

Positreanswer : when Y is CY -3 fold , if

✗
red
is of finite tpe

and if admits a tiutlgical ?↓ family

1- orientation [like puking back theDOTTI uninndfauib along)
tied a X)



Definition : an L G- pair ( Landau - Ginzburg)

is a pair ( V, f)

↑ holomorphic friction .

Complex
manifold v- ¢

meh that only ait:D

vchieiofh.FM

Definition : A CI is a ✗ with an

open covering {
✗a} and for each 2, an

LG pair (Va, fx)
and embedding

✗✗↳ V2

such that
✗
✗
⇐ aitch, ft)
bifolomphisnn . ( as analytic

spaces )

and for evey intersection 2,9 the should
exists



aka)cdiva with

% Pap
= HI

'

Hap G]Fµ¥ \
Lfa
¢

Fae / ffp
•%a

pet 7
Pekoe)≤42¥ Vp

I

No couple condition !

otherwise we could glue
vanishing cycles directly
without problem .

Notation : ✗= (* diva € ¢)
for CVM



Exeiphs :

(c) complex manifolds V (Yf =D

④ 2-G) when smooth how)
(iii) moduli of stable sheaves

Civ) Joyce d- critic loci

(v) analytic space associated to

G) - shifted dinned scheme
.

§ orientubility
• ✗ a CVM

set Kj =@£ det Trx)/ ✗zed .

the Yap 's induce (shit exact spins)

Ki /
✗aged
→ Ki/ ✗
Exp



Proposition : set Hey = XantenXp
the

Eapg : = {✗ Eezlxp

are locally constant with value {± If

*

We here a 2- Coyle with rims in%z
I

{ =/ {p./defo an
dunt

✗
in HZCX

, 22)

Definition : ✗ is orientable if {=o

I¥case , 7
local •chain
/=/Map/

with vows in 2422 such that

Eeg = I



↓

these coughs glue { KEY into a

¥ line bride on ✗
red

.

( kiosk,i = coronial bude)

ogthedu-i-d.ie
: KI is a square root of

the canonical

bindle of ✗Fred . so in this case this KI

squares
to the determinant of the perfect

obstruction theory !
"

"

ie : Ki = ÑPñ)



semi

§k)P : ✗ analytic space
with com 1×24

with /POT's Ex ◦need X2
.

;:* !
I ±

semi

÷!!:*! I
# glued to a f. Pot on

✗ if i

C) tap
3- Yap : H' (Ei) ≈ H' (EpY / ✗apl*e
inch that

4n=id , Yip
'
= Yea

and Ypg Yap = 4*2

⇔ Via Yap , Ed / ✗xp
and G /Xp

define the same ohstuctbnassignnentn



Rinks

C) ⇒ Fobs
,
gluing { obs×j-

H'⇔}
in

obstruction

sheaf

⇔ [BF] Definition : infinitesimal
lifting problem

of ✗ ate .

G) 0 → I → B - B- → 0

of Arlin
local Rings ( I. my = 0)

C) g- : spreeB-
→ ×

Mpg 1-
ie .

Set =

spec (F)
then g- lifts to A iffwfg-B.BY -_ o



w ( g- , B , B) ÷ (g- → LIE
- thy
di≥)

A IGI

Ext
'

(g→4× , ⇒
then : if ¢ : E- thx is a POT

the obstuctowdssignment
is/

, , , , , ,, , a .,,µ

(g-" E TIED c- H'(E) /✗
☒ I

-

crucial result in Btpqor
.

Definition : A semi - Pot Pot) is symmetric
-

if all %'s are ( as pefeetob . assignments)



+ all Yap are identities on og
[ sy¥h¥
If ¥0b✗✗ seen yday

in tilK4 .

42

Proposition ✗ = (×,- V2 ¢) CVM

with f.Pot 's = { E✗=[T*aÉÉTL ] {
admits a semi-I-b.hn in

ob×=≈R× . independent
Bthechats

.

Morepey : given two presentations of ✗

as a CVM
,
we get the same obs . assignment

Rmd : { Ekg do not glue (
"

key =/ id )
waTpeMg
butthey glue in the dared cotgcy



↓
t become there are the tcyentcopkx

of the
Back to DT -invariants derived

enhancemet
[BF] gx

✗ a M complex manifold
Caniglia spae with tzpot { En →4×2 }

intrinsic name/ core §✗
,/u

= [↳¥µ)
u ≤ ✗

open
ku - ✗a

load
embedding

£
Yrmeeth

Ex -% : -1%(4×5) - %!-59

• Consider a local Resolution in D (X2)

F- EYED / uw

locally
free



obstruction cone
-

FF- F

L
' I

¥ /a-
ʰYei(EY / u

Propositions :[Behrendt gluing] 7 ! 8m ≤ Rn
'

Such that tu
, tf ,
t lift

F

+ t

In / u → Ru

weheve-i.com/u=z-YG=)
putof
the
POT data



we here ?

Em = Zdimn(£ⁿ)
-

seen as its
integral tote spaeages

better : Gm c- L× ( Rm)
~

subgroup spanned
by eonI lagnoyean
cycles with

support in× .

Definition :

✗ compact no

[×]
""

= ◦ ten [ En] c- Adx)
Dti = deg [×]

""

sonnets : * independent fun ✗
'

→ M



where

* 8m = lccx)
[ when we M

@ (w) = closure of conamd
of Wsm ≤ In

extends to

2-
•
(M) e- Lx (n)

\ to !

A-◦G)

the : ✗ a CVM , compact ,
c. M

along with its { Pot .
Then

DTCX) = ✗ ¢, 4)
only depends on the analytic structure of ✗



Taek#7 categaifying DT- invariants on

C.V. M (Talk #6) of perverse

sheaves of vanishing cycles .

( Kien - hi)
Pat
⑤ couplets of vanishing cycles .

1) construction

•
D. ≤ At a small Cahabtic ) disk

around 0
.

◦ ✓ a complex manifold .

fi ✓→ ☐ ≤ At

Definition let D×= D)101 and w :
DX - DX
TEND
cover

the :



I
g.
7

Ñ "

I

w_f :-( V%D×;] '
l
I

V- D

giii. Is o

the factor of vanishing cycles is

%i=iwj*wj! ,zyq%¥£
↓

Dbccav)

Proposition At a C-V0
and V- MED! (A)
true 21

we have it
"

/4gal)e=ÑP(MEgM)
where MFe= Milnor Fbr = ✓×n Be (a)at ee



whre BE (e) is a ball centered ate

of Radius Eat

Such That Radius of DX << E

Propositions :( Gorsky - MacPherson)

F retraction spiv- Vo and an

¥pÉb this is easy
!

equwlone ( complicated a aYpb¥ ? ?)
4gal = spa ( Mlrs)

(Vs generic filer) .

Rmd : Description of sp* and sp* in cohomology

since D is small enough ✓ ~ Vo
hunt
eguulue .

write i : Vs - ✓ ~ Y

then sp : H°(Vo, = HTYQ)
I



I

H.ch ,

Note that the natural transformation

sp* : i
"
→ iwf , Jf

"

induced by the unity of wj, t Ff
'

indies the above after applying it to Clv

and taking cohomology of global sections .

Definition Are vanishing cycles fnctr off is

the co fiber of Sp .

It follows that

H
" ( 4pm) e.

≈ lRᵗ¥( Be (e), ME;D
-

Reletre

cohomelgy
IN particular ,

with M=Qv ,
we get



Ek (Mfc ,

since Be (e) nvo is contractible
. .

↳ As a consequence , the support of 01g
is contained on the critical locus off .

AHrrneteeonstuc.to# ( used by Kim - ti)

write V≥j={ rev / REED >of

VIV> o -7
✓

TF
j< oV20

Define Pz as the fibre of the serene

Pz - id - joji

so it is the denied frater of



v4 1- lR°Pz M
am

explicitly given by
L

(U 1- Ker (IÑITU,n )
↓

then B°T(any,MD
off En] = i'Pz

Notation

Pyg : = 4g G)
a
~

perverse

sheaf of trendy oycly

• P&g : = off G)
~

pervertsheaf of
vanishing cycles

• Pf : = Pdp (fdimV])



Conolly : At any
re ait (f)

✗ (Pg)
,

= [G)
"

H
"

(Pg )e
a

= G)dink - ✗ (MEE))
= Behrend (E)
friction

• ✗ ( Pcfaitlf), Pf )) = DT-invariants

Upsh : on a local critical chat

Pf is a categuifw of the

Behrend friction .



Part I Properties of Pf

Proposition the factors Pyg R %

commute with Verdier duality , ie

ID ( P&g) = Potato)

Rmd : The
shifts of fdimv] in the definition

were made to hone this compatibility

on the note .

temma ; it : W-Vpobic

rnvphism , g
= £1T , a- ◦ : Wo- Vo

the restriction .

then

⇔. Cdg) -44b€ .⇒



and by

Byadjn :

P&g #
✗ = it?%

Roof:(Dignam chase
.

+ proper
base )change .

-

IN Particular
,
when it is an homeomorphism

(so dim W = dim V) , we get

[ : Pg = to
"

Pg

Conolly : ✗ = ( ×, diva
f- At)

a C. V . M .

E
ta we get a B = %

"

Pg
,
,

-

Recall theT f vanishes

on the aiati.cl points
r

so Pfp E Perv (V40)



and can be pulled back

×
,
C-④ o

and V2 , @

ʳᵈᵈᵈ.Pa / ✗ p
≈ Pe /xp Thoth gluingisomorphism

-his
womb

do Not

glue
!

Proof : the Yap : Vip
£ Vpd are

compatible with the fi , so [ iPfa≈%Pfp

Tinchy , apply 42 to get

Pa : = YI Pga= 48 Yippee
-

Yp"PfB
"

Pp



Parfitt : Gluing the pavese sheiks

Definition : MED! fax )
with ✗ analytic space

then M is a perverse sheaf if

(1) supputconditon :

dim syp Him) ≤
- i Fi

fi) cossupnt condition

dim supp
HIGDCM)) ≤ i ki

-

there 2 conditions define a t -structure

on D.{ (Qx) and we define .

Perv (x) : = Decay
⇐

Conolly : Dob (a) is an abelian category .



Proposition : on on LG -pair (Yf)

The functors PY f and Pff are
f- exact

so induce

Puff ,Pdf : Perv →Per

the : U 1- Perv (a) defines a stack

on ✗ ( when ✗ is Reduced . . . .
- why do

we need this hysothesis ?]
In particular , this means thet it ×, ≤

✗

is a covering, then

Per ( x) ≈ hid @Ha)→_ Park#
ie : to define a penne shef on ✗

all we need is

• V2
,

Pa c- Revis)



• V2 ,p sap : Pa /ap
≈ Patio

g•↳tÑgprpgD÷
only this data is missing

to finish
garmke

The gluing in on case

-

we will come back to this in future

treeless
.

-

this gluing is possible if we here a

square
Root of the canonical bridle



Proposition : let P & P
'
be such gluing .

then there exists a 242 - local system PEH
'

GE)

and then P
'
= Pip .

Proposition :
let { {app / be the data we
saw this mourning→ the 2-Coyle

obstruction of the gluing of the Kj
(taek # 6)

then this coyote coincides with the

ones of this talk :

{ Geol ≈ {Bert



Main UMMA of the paper

•µ f) LG - pair

• Cut (f) C U C V

open

◦ Y : U → V bi holomorphic onto its

image .

with fo Y =L and 41 as (f) = id

then the iramyhim [ fry

is equal to det(dy / cut (f) ' id

- -

÷
Pg

lindy :



Maintheaem :
✗ orientable

.

then the

locally defined sheaves of vanishing cycles

glue , in a unique way up to
a

twist by a %,

- Local system .

✓
if we fix apÉon ,

then

the gluing is unique
!



Talk # 8 Motivic DT - invariants

Ckontsevich - soibelmcn)
KS

Bebrndfʳtstart

.org#nT.:DTK)--fvT
[×]

iz

KI : Replace all these things by their motivic

analogue . Mot

[×]m◦T & VB

iksinP : start with a Calabi-Yau

category instead of a CY 3-fold.

it
-

thingvleted
f - ind- constructible

µ An

3 Cy



Exempt : (Q ,W) a Quiver with potent'd

s

Ginzburg algebra of (Qu) = GCQW)

s

Perf ( GCQW))
-

hos at stucke

↓
can extract is hearth
→

abe
.
Representation cot . of
the Jacobi algebra

IN our case , we
take

② ' ill = Moduli space of objets
in to

M = moduli space of Quiver with

potential .

③ stability conditions

Z : Ko (6)→ ¢



Exempt :
if = < E, , Ez?

Funded by 2 objects

1- extensionsin this
[ ◦- &, - Gz

- G-◦
case

stability conditions Gz ④
are given by ⇐ yµEI

associate {to ⑦
these

a Ñ"
stability
conditions

DT-
invariants .

Ks consider sectors ✓
- ≤ ¢2

4



and to each sector KS associate

Ev ≤ 8

T
generators given by semi -nhbh Geek in V.

4 Av E H (G) motivic Hell algebra .

/ Kia"%•) - ?
characteristic

ayds of Men

5 Integration mop fusing metric vanished
Ii ☒ (G)→ R

94

in

motivic
Quantum
torus . )

DT( Ev) : = E (Ar)
Requires

- oienᵗ¥



6
given by a square
root of FETCHED
-
- =

④ point E EE b!?÷:aa%↳
Part# Moths

invariants :

observation : ✗sing ,
Serre polynomial, #

1) ✗ = y then ✗ (X) = ✗b)

2) ✗ ( ✗✗g) = ✗ (
x) . ✗ (y)

3) If A ≤ × then
-

dared

✗ (x) = ✗ (A) + ✗ KIA)

Definition : A gennelged Eubr characteristic is

a Ring homomorphism

① 2. GT - R

G) C- To (Vas)



if it satisfies 3)

the Quotient

⑤ 2.fr]

[×]eñ◦va
i to (raz)

is called the Grothendieck ring of

varieties
.

its etemhts are called

"motives ?

RMI : one can also do a retentive version

of this K◦ (Vonk)

Gupte : K◦(vmk)- const(AZ)

of generated [ y±✗] 1- Cette Gita)sing
eubrchn : in

enter
characteristic
of the
Fbr .



Exeopk ④ [1) +I
-

[Ai] := :D n

CPN] = [1pm] + [
AM] = [Ii

i = 0

Proposition f : Z-y
9- W

then
f
" [✗ - y] = [zq× →

×]

go [
✗ -y] = [×-y

- w] .

Generalization : M Arlin stack of ftp.

we can also define these Grothendieck Rings
onlythose

with
.

tfI&ˢ⑤
k◦( "%)

M°"° ' it " "
"ⁿᵗʰᵗ " "

y
commutate monoid in stacks (such as Bon)



then we have a new ringtone

E) • [11-4%1]
IF

*

can also

dosymmeticpowers-a.amµ , ,m , a,,,
can also include

G-eguva-ineri-H-zk.IE#E-n]
☒
recti bridle

our Y a
rank R

.

Preposition -_K%keʰ%m)⇒K%4m)[Glnii ']
Inertia

stack?

Proof : one



Motivicranishingcycks
"

slogans :
"

vanishing cycle = [8%1]-[8%1]

Monodromy : M : H' CMF, a)
→ H

"

/ME, G)

( Eigenvalues are roots of )
unity

Definition the

monochoiyaothend-iedigiskifrayj-g.amK%%)
Given this we can construct the motivic

vanishing cycle

construction : ✗ f- All

smooth f-
'

6)
"
✗◦



it : Y-X
smooth and proper

y\ñY×o) - ✗Ho ,
É'(✗◦)= UG

'

division
with
nonet

Normal crossing crossings
.

E±° = NEI/ Ufi
IEI

assume multiplicity mulT(G) = mi

V ≤ Y such Thet foot -_uZm±

invisible

Me = [ mi
ifI

construct a cover

C- Env

EInV={ Cziw)EAi×(E.int/&T/u-w



uymot
g.

- = 1- [ (1-4) ¥. _xD

c- K("%) G-
"4

Example Ai # Ai

É% = [ (qu) c- Ai / 2-"=\ { =/n

MFzn ± [H-H] - Gen - 1.D)

= 1- Gun]

back to Behrend friction

f : ✗ -Ai ' , 2- = [df=o]

Relate viztrd mote

cz]
= 4¥

""✗

[Mgmt]
rektre
vial

C- K^(v42)



then the f-bruise Eubr characteristic of

]t irdn
?

Exeipe : back to the example of (Alten)

we get

at] r.int = 4%4 - find



Taek # 9 Motivic DT - invariants for Quivers

with Potential .

① Quivers
, Jacobin algebra and

associated moduli

② Motivic DT - partition friction

d
"

tog
"

Bpsqw invariant

③ Exempts i Hall algebra & Integration
I

will crossing

① @ = oriented graph ↳
11

•gy•(%
,
Q)
↑ a CFDedgesvertex

2-

with CQ := path afehia .



We want to study repnentetis of CI .
a

¢diÑ¢ᵈz
d

let D=(di ) be the
"

dimension vectn !

SI Md (a) be the moduli of nepnentetñs

It

[ ʳPd
who Repd (9) = IT Hom (¢ᵈi,¢dj)

Gd (9) = IT Gldi
ie Clo

W-tfpoknt.cl : linen combination of cycle
elements



V

Gupte
-

W = aebd - adbc

in

¢ᵈ'•q✓•¢ᵈz
d

If c is a cyclic
element

then

ya = [did
a EQ ,

G- dac"

this remains cyclg if a iraqcle

Gupte a y

of
① z

W=ryZ - oezy

%- = yz - 2-y ?gY- = CZK]
= Git ] ?g_=Gy]



then

Definition Jacobian afehe ( GW) = CQ_
<Eat aeai >

then :

Md (Gw) = moduli of nepuunttb
of Jacklin

Reposition

Macaw) ≈ @TMwgd
Ta (Wd) : Repd (a) → ¢

stability conditions :

{ : IN
◦

→ z



Notation : Ei = {( 0,0 , - - -

, fyi ,
- - - )

Definitions : If Vd is a Rep . of Q of dim d=(di)

then we can define the slope

µ ( Vd) : = [ {i
di

-

[ di

we say Vd is semi - stable if t ✓ ≤ Vd

we have MCH ≤Mrd)

then we define

E-semisthh

(g) = Rep!aMd



and E-so

we Md (Gw) = aiT(+iTwd
bare

.

Parti : Motivic DT- partition function .

1

f :X- ¢ then [wilt)] rebuts ' ☒rv
tmrodh I

talk#8 A

Kilroy)[Li"y

If we define

[¥7m :={¥: toe¥¥ c- kÑ%)
and [EYE %;¥iᵈ a-"I



and I#u.ME kñ(ʳ%D[É"GLiY=:R
then we can define the motivic partition fretiow

A (Q , W) : = [ [Md (QwDuzIᵈ
DE IN
"

/since this is
aglobalquotient
out/G
1

= [ [ w%] vi.Id

= [ %⇒ mid
-

M

R [Cti 7. •a)] fever
"

series



We have

{ Pe R[[ti ] ] , Plo)=o / IF {PERCCTD : {
Plott

AER sym (a) = [ symi (a)
i=o

sy- (Ed ) = [
t
''d

i

symG) = I

syncftg ) = sy-f. syng

Definition
BPSD (Gw) c- R are unique

elements smh that i

BPSDCQW) 1-d)-

sym (
{

dew%!! = ACQW)



[for physics of BPS
- see [Dincftc _ Akov]

↓ Now with stability conditions

given { , dopey

Aµ{ (Qw) = § [
Md"TQwtᵈ.

[

BDsfuI.ua/ok1htusinthel-giuHm-ogAjCQY
Question : is BPSDE Reprimanded by some moduli

space
?



Eteuples

① Q =

P
W = 0

d- (a) = [ [ Md (Q) ]✓i,tᵈ
DEIN

= [ [ Rpd cat] via td
d- in ¥3 4-_ Aid

?

µd2 ←Mᵗᵈ%dqd's-

= { µÑ-DDEIN

= sync;:÷⇒
here

sointhiscese-qgyygycmaretixfgI.in?
can find catsuit

BPS D= ◦
Kd > ,

€7

MFCAI,xY ?



Rmu : have MÉ%a) it 11

M¥ (Q ) = Ai when d-- I

2
@ = •Ñ ,

W = Z?

[Davison - Men dot ] Modify the River

by adding a point

at a

f) 2-
• Define

◦ ←

OFslope UE End [¢d) ✗ ¢ᵈ
1 ←→ 11

{ACN) : < V , AV , . .

,
A% >=¢ᵈ}

In this case

defined (a)⇒ 0/64 ≈ Hieb FAR)
Cd
,
d) ↑
↑ variable Z

din '
dim d

d-• d-◦



In this core th potential cons fun .

AÉÉy¥" ¢
IsI

(1) is . . . ,dd ) symᵈ(Aiyi+ - + zai
symdczn)(Zi, - - -, 2-d) +

We here zn : All- All

Symd (Ai )- Al
'

symday
"

2-it - - t Zd
"

I ∅symd(Ey = synd ( %)

[Kontsevich - soibelmon]
take (Q ,W) Quiver with potent



take µ
.
:= ITMD moduli

df #% space of
all representing

and define the Integration mp

IW: k(ñ%u I -1=0 RCE]] +1
the
interim [✗ tiny [p*Ld'[aitarwdmop•µeñᵈ¥⇔eYant.it! ✗

Each : [m= im] then ]
¥ʰdson

this is

top 1€ ACQW)

(been p>
C- Inv )"

E) rite

can also do

[mayst_miÉ Arian)fat



Comment : In this case intgetbn Mp exists

become we have a global potential

.

I

[ Ma (a) ✗ d) = [[mfand-MI.LMd.im]
F- o

⇒ repay 1- by It

ACQW) - (et) = ([synicozn)) Alain
-

I

BPsdca.int/liY+mFd='oothmeNainthc-nen(Daivinsa)TBP-
vanishing cohomeky



¥9k#10 overview on Derived alg .

Geometry to moduli spaces

No Motivation : if you are here , you are already
motivated !

① Derived Schemes

Definition edga ≤of
commutate different:/ graded algebras

A- = ④ A-
i

Cpositreyguded)
i≥o

A-
i

✗ AT → A
"

multpheton

A-= [ . . . →* d- a-
' d- A° ))

with sign rule

ab = G)tallblba



where a c- A-
14 be A-

'bl

and d(ab)= @a) b± adb

idea : cdga ≤ ◦ are affine denied

schem-SIRS.pk(A) ←Notation .

Construction
Anyday = H°(A) is a

classical

Ring
-

spec(4%-1) is called the

truncation of IR Spee (A)

Definition : A denied scheme =

( ✗
top _ space

' °Éshef of cdga's )



↳ with 2cond-it.rs :

• ( X, H
◦

(0×1) is a classical

scheme

• *Yo;) is Fai -chant
over H%0✗)

Rmk we here closed immersions

Ecx) ✗

"

( X
,
11-40×7)

Example : kosgul complex
E-spec (sym (EV ))§, yeah

bridle
ox

✗ smooth
scheme s : symox (E) →Ox

as Ox-afhs



⇔ Ev⇒ Ox

✓ as Ox - mod

can form the Kosynl covphx

ME. . . → Nev → is "→*EvÉi ox

thisisashefofcdg.at#ks.-qsf
If we compute the truncation

H = °¥#
= OZ(s )
in

frolics on the zero

locus of S .

I

2- G) a ✗

d
' to

✗ →
E



E. Rspca (Eos (Eis)) is a dared

✗

Scheme with truncation
.

2-(s)

-

denied Zero locus
.

2 How to construct derived schemes ?

C key
lemma[ 3 canonical ways

→

I
A- fiber products

I derived hopping
spaces

(denied ) of usualscums of usual
schemes

Ckosgvl Revolutions)

h
=
homotopicdf.br pocket .

✗ EY → Y t.fi#y):--usvdA- I I f.hn
→ Z product

classicf

compute ① class "I
= Ox ☒ Oy

✗✗y
2- Oz



◦
✗¥ i = G✗ ¥ Oy

Oz

I
have

to derive
the

functor
wricd

.

Exude (of the bundle)
E We want to compute

IN IRZG)- ✗

✗ I > h do

✗ → E

In particle
1- (IR 2- (s)) = 2- G)

Now we can compute

IRZ (s) = IRSpey (Kos ( Eis))



wecan compute its tangent space

TFRZG)
= [ TX / z,#Elza,]

Subexup6_ :
Critical loci

f :X - Ai ,
C- = TK ,s=df

then
trait (f) : = IRZCdf)

Trait (f)
= [Tx #TK]

o I

Lirait (f) = IT! [Tx
¥

>TK ]
- I ⊖

and because Htf

( Kirat(f) G) = Troutt )



↓
G) shitted symplectic structure

Deeter
trait(f) - ✗

Idf
- Guy

.cn

L
' h

✗= tsymplectic
Lygia

Rett : Intersection of leggins is

symplectic with a shift

slogans :

✗Ky = ✗Ey
+ toy Ox

, Oy)
2-

B Derived Mopping spaces

✗
, Y 1g two classical scheme



Map-fwsi.cl (×, y) can be made into

Is
an algebraic spae .

by jet

T 1- Mopgf ,4)
&
-

Mopssd Gig) is a scheme

when ✗ & y are good .

✓
proof : ease the graph to

embedd into the

Hiebert scheme
=

-s
how we can

also do a denied version of
this

☒Maps( Ky)

= derive th factor Maps?Kid



claim to (lRMep) = Mop

slogan lrrlep = Map +

"

Ext '
"

↳ all exuples of Gw RDT will

be defined as ope_n_' in BIP 's

[
C (schiig -Toén - Vezzosi)

Knuth
M E IRI

classical denied

open v1 ☆ I open

u ≤
7 ! IRU

+motion. µ,
enhcncemt

of U



Exempts GW theory ✗ smooth

pnoj 1¢

Ñg,n (×, f) DM - stuck

"

{¢ ,r , ,_ . >an /
f- ✗

. Lok] -7 {
C nodal

Art (Citi)↳

define

IRM :=1RMopmg,n ( login ,
✗✗ Mgm)

-

classical 6 unwind
mochi

pre
-
stble

prestble awe

nicol
curves deniedAhisCnsn] I

inhmant
(this is why inthisM = to ARM)
eae cured finer troche

= dasoiclf.hr
product

{ apply the lemma



IRM 271RÑn ← canonical
denied

tweeting
-1 enhancement

M 2 Main HR)
open

we can also compute the toyent space

IRMap (X ,Y) Lurie neprnhbility
s ↑ theorem
dived

Adin
Stech→ Pfc is

ÑRMqs(x,%= pjx.eu/TyeV
where IR Mops Gig) ✗ ✗ -y

f poj

IRMPSCX, Y)

In the case of stable curves



MR .Mg_n Cx ,@Hmg ,,
=

pj.eu/Tx-PoTin--BF
Relation from DAG to Pot

jhmᵈn
M C- IRM dined ebhmant

Kermit : j, : GCM)
= Go GRM)

then by
definition

[Omni.at#JD?CQrnJ--Ec-ijHi(qpn
)

this sum is only well

defined if the moduli

space is qusismeoth ,
R④



Proposition (keg) MYKI
Curie)

thnjkp.ME?Lm ⇔ IRM

quaiis a POT smooth

"

Behrend- Fontechi construction

with the Pot jkpm → HM

mate em

'

Mito Cieri))
[

"

hi/ho(E)
another denied

thhmcemtofrl



claim

IR .MP°T 2 IRM

are two derived
enhancements of
JP? M-IRMPOT

M

thus : G
Viz ,Pot

BF
,
he
÷ ⑥F)

"

(C)☒mpot)
the existence of a retract tell us

that

the tryout space of IRMP
"

splits

Preposition ( Kaprcnov
- Tontonine

, Schug
- lowrey)

grit ,DAG = g
Viz ,Pot

in G. (M)



Rmk_ : not all Pot come from a

desired enhoncent

(schrag)



Talk# It ☒hItRo to DAG

Basic blocks cdga≤◦
¢

dosed
Serre intersection Y q W ≤yxxformula

z
✓

✗

zine
,

component .

0kW

if , Y, Z, W)=[ G)
"

length Ctozfoy,w, Gw))
ÑÉity i ≥o

04W

11

✗ ( Oy,w ¥ Oz,w)
0*w
-

Cohhectiredga .

Fi daff?- s = (modelled by
simplicial sets)in

cdga
≤◦ a

CW - complexes



• when is this frater a sheaf ?

Definition : derived stocks : = s↳ (daff)

{ u
◦

→ × }
,

Fcx) = holier Flu)

From classical stacks to highrstudesteved
stacks
- IN

G : Aff → groupoid
- s

Gnat
'on to

stack c-
derived stacks

inclusion

←
i

i does not commute with limits /neithwith

mopping stocks.

Quasi - coherent sheaves

Qwh@spree A) : = dg Mod A



we take as a definition on any
derived stole F

Qwh (F) i = higher dg Moda
SpaA
→F

fall eatgnis are
infinite

this is where the cotangent complex

IRSpee(B)
MO
F LIBIA c- dgrodps

Lf

IRSpee A where we have

B = AaB ↳ya
≈

☒ B
B
AaBat Tgwt

'

Revolution

Def : LIF C- Ooh(F) of B as
A-module

thy [ Avnamov]
f.t

✗ E Affsch /¢

& E- a ,☒ & perfect⇔X
ten✗

✗/¢
\ totally unbounded .



RMI :

• Ho (4) =R¥

can use Dold
-Km to B ,

UB/A = take simplicial revolution by free

ofets , apply If
levehuise

and apply Dold
-nail

Properties

① Base change
fl

Psy ✗
then

t.ci Is (f)
"

kg ≈ kg '
y I

2-

② ✗ f- y

Iz /
⇒ f%y/z- kHz

↓ →ftp.eofbrsguem#



Exempts

4- steel "Yg¥, )
- Ain

"

¢64s . _ in]

Tula rguene
I %

want to compute
y→

AT
the cotangent

&
ᵈ

↓ Lis- -,fr
complexes

0↳ AIR

↳1AM , Kyle

compute QBA : = take the Hogue couple×

143"- BAR- B -
◦

I J this
einejteffifje.fi
- F) ↓ vestal

↓ = o- BLT =A →
°

map is a

qui
-isayhism

became the

seguenie
is

sgC-



QBA Ypg
= QBA Fei ① - - - -

① QBA fer

- Tgif

Dylan = ¢84 ⑦ -
- - ⑦ A fed[ I]

≈ I# A]

Now we want to compute thy /¢

QBA ≈ Bcéi , . . . , ér ]

then
◦ - - -

o
- I - -

.
- I

@ ¢
A = ¢ [% > --

-

, oh , e , ,
- .

-

,
er]

dei = fi

KA /¢
≈ %¢A/¢aA =



= @ ¢
A foci ⊕ . . _

① Q¢Af e)☒ A
9¢A

= [ AM- A-]
Sci 1- dfi

≈ [-1-1+-2→ i"Rain/¢ ]Jacobin

[
it would be easier to just compute

directly fun the denied film product

yu
Ain

ignored
t.fi . - .fr

0
AIR

squat
beditisapeffpw.li



Exuple 2 A2 / ≈
y⇒pu(fˢ) h 2- =spn(¥12S

At
✗= spree (¢-)

B

w = Rspec ¥ ¢§_)
¢g
¥Tayute this

Find Resolution of A ,
over B

↓ Kosgvl complex

-I -2

B[ti,t2]== . - . I B
% B
% B - o

I I ↓d9I
dtr-ydtz-e.tl !

- O -

Bly,
I



C :=A¥gA2=B[ti , ti ☒ %,y~[%]ctDB

÷i⇔¥
then HP(c) = {

¢ P even lead

◦ p
odd

as algebras
ᵗʰ

CÉ¢[
unbounded
and

toflrspucc))
and "

%,⇐¢¥¥ since

-



Exeepk3
✗= Spee A

D Y = Spe AE
smooth repihpuee

then we can compute the self - intersection

2- i = IRSpec ( At •¥⇒ = Y ✗ Y
☒

So we need a resolution of ALT 0h A

£
since we are assuming

never sgienee,

we can use the Kozel coiphx

KCA , -T) as a hholuton .

We get
A # E- Att ≈fymnÉ%)

odffmtd.kz/y--iKly/x
≈ i -1-4-2 G)

≈ -1-4-2G) ,±S
≈ §" G)

.



Again this ooelld be deduced .fm

2- -Y g- 0

2
' I

y
c-

Air
HAY

so

2- -
0

I
' l

y- AR

Relation with POT

✗ c- ST ,
✗
ᵈʰ
a denied enhancemet

✗ É×ᵈr

Proposition

when ahomedy(wie) firm
-"

×
ʰ

! !;?
"



FT L : A -B is n- connective then

Uf is City -connate .

claim when Xᵈʰ is quoi smooth

jL×ᵈʰ → Ux is a Pot

Functridity
*F)44;(tFF%y✗ - MIX

IF
→ ↓ ↓

the
try ftp.x-kx-hkhrx



Talk # 12 shifted symplectic structures

classical picture

symplectic manifold

(×, w) , we
PCX , MRI)
-

2- form
with dw=o

R & Wb : Tx ≈ TX
dosed

non - deg .

Exaple M manifold with q, , . . . ,qn coordinates

✗= T'M with qi,pi coordinates }
exact
structure

gvenby
w= [ dpindgi liouilkfnm

Darboux If [Aw ) is symplectic, then loceÑ

*↳⇒(TM ,w)

These resudtio false traffic schemes ?

→ become
this

? Ithink this is true !
reqmw

to be
=

wooly
exact

!



-

Next taek → Darboux fr C- 1) -shifted

,

denied schemes

Generalization → ✗ singular scheme

I
✗ stuck - ✗ dared

✓
theme

want to have

Tx Ilk
a more generally Tx

≈ 14 [h]

Definition An n-shifted symplectic stuntman✗

is a closed n - shifted 2 term w=( - - - , 4, wo)
-

such that Wo C- Mop
,z(×,
( Ox , 124×67)
Tags-shitted

fans
≈ Mop (Tx , 1447) AYAN

sYIet→ Wo É
= thfn] quasi - iso .



1-
"%,n) = closed 2- fans

I
AYX,n) = space of 2- forms

→ doshetu = ( y . . , whwo)

is a da not a property

> we will avoid given
the definition of A"É,n) .

Instead we will illustrate it via an example

Exaple : ✗ = Spec (R) affine derived scheme

↳ = [ Ñ d- Ñ] A
,
B

free R-modules.

Ñ%x=symo× (4×47)
= Sym ( [Ñ_ Ñ])

④R



cohomolgicd level
weighs - -

- -

- 8 -7 -6 -5 -4 -3 -2 -1 ∅

◦ R

i A→B£
2 54A)→AoB%2B£
3 53A -54A)④B#①17343B£

L L L L
4 54A→ A•B→EA④ÑB→A☒ÑB→A4B

what is a fit - shifted 2- frm in this case ?

I

Tx = LKG]

the dosredstuctre
°

du
l

≈ [ BV- ar]
↓ ? 1 ?

LKG) -- [ A -4 B)
0 0



Wo C- A B

Now we want to say
Thet it is dared

cohomolgicd level
weigh - -

- -

- 8 -7 -6 -5 -4 -3 -2 -1 ∅

0

i →

£

✓ I
2 → Wo→ 0

✓ I ✓
3 →

Fw, → dad

← ← j
-

dong
4 → 3- wa -÷:p →

,
i

$
∅

Wo
,
Ws
,
Wz ) - - . closure data

Exupk

what if ✗ is a smooth ftp.esokme
L'✗ = Ri
Tdeg

In this case we have



- . -3 -2 - I 0

0 Ox
^ Rd✓

2 542£
3

←

- . -3 -2 - I 0

O

n ✓

2 Wo✓

I
3 ◦↳ dfoo)

,

"

no closure deter became all relevant

closure data is Zero !

High Road to define closure

LX g-
✗

*✗≈ Bmg (SH)t I
✗ - xxx

HKR : = px 02✗
≈ ALIX



Definition : froths onLX forms

d-
eq . frictions closed ferns .

on LX

Exeuples

Exempt 0 : Derived critical locus

y f-
At

smooth
scheme

dived
aitiof Trait(f)→ y
tons ✗

= tᵈʰ Ldf
y
-0 Ty

Hession off

1T×≈ [ ltyk- kylx ]
0 I



LKG] ± ttyk# Ky / ×]
0 1

and
1T✗ Is 4×1-4 became if the

symmetry of the

Hessian
.

Nexttalk : all G) shifted denied schemes are

ttaiski locally modelled on the's exempt
-

Exupk 1 all TIN]✗ = IR spec Gym (4×471)
are n -shifted symplectic

(Damien's

proof)
idea : use the lion.lk form

Exupk 2 : Ban = [%In]
in

moduli of Gln - torsos ⇔ Vectrbndbcf
Rank n .



[ Yan] (s ) = { Pain {&

= {
E "" ^

c- = Pinch /t

TB an = [ gln
- ◦ ] = gln [ I]

on
ad fomentation

↳oh ≈ glnvfy

claim this carries a

2-shittedsy-pleticfowni.NL/Bain--syni(glnV)

2-forms ⇔symzfgfyan-inr.ie
,
Wo synthetic mop which is Gln - eq .



C. glnigln %
there is no

× ,y 1-
Tr Ky)

a canonical
one

f.
It = gln AT gln Magha] - Gan'd
↓ ↓ s4gln) G)-

¥
KEI genki ] tuwd

rep.
•

works for any metre afl G !

Exaple 3 lrpenf ← moduli stack of
perfect# .

.

☒Map (× , Perf)d. Hind mopping stuck

-

turns out 2- symplectic

this i. ✗ smeeth & proper CY dim d

" F n -shitted symplectic



the 1RMep(× ,F) is f- d) -symplectic

Exeple ☒per,=(✗)i=RMep (× ,
☒Ref)

✗ CY 3 feed ⇒ C-D-syrup.

✗ cy 4 fold ⇒ c-2) -syrup.

synthetic Stucke induced by
serene duality

Lagrangian Auratus Lt ×
☆ n

-
shitted

five A2
'd
(L ,n) symplectic

denied
stack .

we can define a space of

isotropic Sturluson f

as the space of hometopis / get ◦ 4 in A"Y4n)
-

Is ◦ (Lw)



we say
h is a Lagrangian structure if the

induudmrp
If → 4cm] ( * *)

is an equivalence .

Exeiplei
Back to classical symplectic geometry :

S
L ≤ ✗ is Haggin when w0

]TIL→Tx 1- LK - the

weh ¥Ka¥ _
- T.gg'm
/ being
(dim

.

country)

short
etedggwl

conversely : if Nandy 41
Then L is Lagrangian .



-

this is exactly the putiuh care of definition
(**) above

,

when
.

Finally :
then : the denied intention of leggins

in a n - shitted symplectic is -D-

Symplectic .

"¥
Filed"

↳ ±¥
*
-
shifted



Talk # 13 Darboux theorem for

G)- shifted syrup .
Schemes .

all blackboards are derived IR

0 C-d) - shifted symplectic ☒w)

at REX
Zor O

e
= [Tea>e- ◦bye

→ - - -
- ]

W

coupon

of vector space /Ker)

wx non - deg .

C-c) - shifted
nothing can

↓ t exist here

B. • = [THE,÷g¥¥-
W

I
"

⇒ one

Global analogue it in tr - aptitude [on]



I

LK in the amplitude C- to]

I

4TH Ctx ✗ quai -smooth

I

C-4- symplectic
/

jL✗ → 4-
◦(×,

is a POT

I

4-≈#A] Ngymm.li, perfect obs . theyw
"

symmetric

§ 1 Exact forms

✗= Spec(A) affix dined scheme .

so

kdñ (x) = To
A - Ka- Nba - . -

-]
m
-

Hodge Comm
de Rham cohomology .

↑ Tones with the Hector
↓
can talk about wejth 2put



✓

LldÑ≥{×) =T◦T% - o -144%314--1
I

H "ⁿ(4dñ≥%))={
doted
n-shifted {
2- forms

Idf ≥%ycskdÑK)
I

kdi≤ "(x)
1¥ \

[a "%a]

Rotation
bindings

KdI≤ {×)E1→fKdñ≥%ycskdÑK)
or

dosed
~

Ifans
derham

cohomlyy



what dog 8 do ?

on (Hn) - cycles aged
" '

☒ c- A'+④
,

@c- [*
n

such the
da (* 1=0 ddr I = do

Is
(dad , ◦ . . _ ^

,
0) = 8 ( Fo)

Definition : A dossed n- shifted 2-turn is if
there is an

homotopy in
exasfwt.lk
←jilt Jw ~

Lids G)- lldñ "A) → kdÑc×)
in

de Rhum

cohomecfy



Exempt y = spec (B) Smooth

fi Y - Al'

Bait (f) → y

$
ᵈ Idf

y Ty

claim : the canonical G) -form on Dart/f)

⑦ ① is exact

⑨② the Mep Dart (f)
-y is a

lagnoyimf.be#ow(ie1TDmtf/yisalagyimsubbnd6)
of ÑDout

Proof : Exactness , eons fun the lion-16

• form on TY . I



the 1- fun is precisely the

hanetp ✗ in

Dart(f) - y

I ⇐✗ f
y- Ty

• for the lagoyimf.be/ion- , this corns

fan the fact that Tey
- T is a kgrgion

f-breton .

$3 Dabovxtheaem (Brau -Bussi -Jaye)

The : ✗ G) -shitted symplectic .

then

Zariski locally ✗≈ daitcf on Y
smooth)

styled'c

Corollary : ✗ is quai - compact G)
-shifted

symplectic scheme v0 Can produce

virtual critical manifold on town



exact lcg-f-het.in

idea : proof that ⑦ & ⑤ hold

Zariski locally on ✗ = lrspec.CA) .

step 1 : locally any G) - shifted from is exact

(A)

↓
this uses a theorem of (

Bloom - Herrera

Deligne ( Hodge #-)

✓ + Goodwillie )

Thin : For any finite tyre cdga≤
◦ A

,

A-spat

the Lidrcx)→ H°[H%t¥%jMÉ
canonical ~

Hodge carpeted dirham
in

Wp undenied

de Rhymney
.

has a retract

Rod : uses MsÑ% .



Consequence ! the map

H° (Udr
"

(A) - HY4dÑ (x))
is hero fr * ≤ I

consepine : any
- shifted dcsed2m

on IRSPEA fr n≥ 1 , is
exact

=

¥w .

exawte k
← Étt Iw

Lids G)- tldñ "A) → kdÑ (x)
in

de Rhum

cohomecty

Roof of the corollary



iyeete fr ✗≤ 1

H' (4dÑ(✗D)¥ HYA - Ka)

iyeetre
became & Deligne ↓

H•(Howie HYH°→s4+;-)

ononiiijectref ✗ ≤ 1

Local properties of IRSpee (A) , W

1
We can now assume w to be exact

w~dr($ ,&)
in

almosta critical

locus
.

step 2 Find the smooth scheme on which

the friction is defined .

idea : take a c- ✗



then we can parent % as a 2-term

couple✗

II.• = [Tᵗʰ
→ Ñ⇔
,
]tx)

,
e

→
W✗

Canonical

↓ pairing .

Tye has a Lagrangian subspace
"

Stewie El ]

1↓NakayamaI
locally around e c- ✗

T×÷ [ C-
◦ d- E

'

]
inch that D=◦

ate

this has a canon icdlaggimsdbbnd6_



Li=E'[-#
is lagoyiandist-b.tw -!ⁿµ8integrability

Maddy Lisanintgubkdistibut.int
we want to take "y=Xgl8space

↓

they do intgebilityconditon )
by saying Thet since TK

smooth

fennel
is in [-01/1] , there s¥M
the integrability conditions

vanishes .

~
need nice cdga model .



More Hands - on- approach EEX

t9✗) U U

choose smooth

embedding affie .

can make factuze

t%)- AIN
'

→ by /
iinducs iso w

on zanihi
Smooth subscteme .

tangent spaces
"

spec (B) .

T¥E=Tx/y

( lRspee(A) ,w) locally

w - dr( $ , &)

☒ spree
A c- SpeeB

☆ smooth
1- it (Trx) ≈ H°(T✗Y)



↓ consequence

use Lurie-Quillen [ connectivity estimates]

H
- '

(Kaos) ← H°ffb(B-AD IFA

H°(B↑syec↓
↑ died

↓ H◦(fib (g-a)
in"

toady fire
on generates 3- lift U

e, , . . . , en
← - -

-
-

g is . . . . ,gN
r

✗ 2- G)- y
f
th ↓ 91s - - ISN

✗ O-
Ain

and is

adored
immnieo

⇒ ✗↳2-(g)

title is a connected component .

I



locally A ≈

kosglcoydxfBgisisnD@dr0I.o)
☒

LI

A = [ B ← EV-↳ c-
✓
← - - -

-]

↳ = A-
'

g dis ⑤ ddr (E)
U

o = or 1- dr (n)

NI : ( OI , 8) ~ ( § - d 7,01)
¥① ¥81B
Such that

do
,
=dr (f)

↓



⑨
✗ Is Dart (L : Y-Ai

v
- Qi is e-the

- and is cloned

immersion

*
is ⑧

✗ 9- Dart (f : Y-Ai)

f.= exact stroke - isotopic
structure



talk # 14 hyperbolic localgators of DT -

pensruse Stef

✗ c- 1) -shifted symplectic scheme
y d- invanht
* action ×
= Gw .

Gm .

✗I

↳ ✗
◦

= I ✗%
REIT

Fad corporate ' ?
s

Behrend : er
"

= [ ± e
"" /×;-)

IT

we will eowpute the formula for *swath
and extend

to ✗ fitsupkclic

xsmoatf.gg/+-yp
✗ ✗

°

✗
+
: y 1- Horn #Ally ,×)



✗
°

: Y 1- Hom
¢% ,×)

d
#
i =#ⁿÉnidʰs

in THE
dir

✗¥①Ef⑦T×ÉyIt D=
-

eigenvectors
fath ¢ -action .

EE
✗ - c-c) - shifted symplectic
E with orientation ¥
¢
*

K 2
= dei Cdx:-)✗%

B- = pareve sheaf of vanishing ages

p!go
← six quietens fyet denied

Streety on ✗
+ & ✗

◦



and

Drifeld : ✗
◦

& ✗
+
are schemes

-

p!ÑP× = ⊕ P
ñeI

✗
[' Indy)

where find,i= dim of Tx /✗%)
dint:(× , E)= [ din HÉ

"

'THE
,
Px;-)

a-c- IT
'

+ din He#next)
,
B)

① hyperbolic localgators formulas

✗ - quoi -sep ⇒ ¢!action étdeC - loc . ft .
¢ * locally lirewybh .



og
bete

y =p[ ✗tpt=p of before

✗
°

✗

I. ×?p
-
⇒ ¥@%-)

15 charts !
with C),

-

Dinged → (p%(5-
showsthat Drinfuld
are theirs u.TV#nedidwlityChypaholictocabctinfuels]

Gm = action on ✗ smooth
, X°sm#ʰ

Iq : = Q×[din × ]

IC
✗%

: = Q ✗%
[dim ✗¥]

p! y*IC×
= ⊕ Iq:-[-DE + dit]
KEI



Hysnbolic localisation & vanishing cycles

G U
=,

passes
to Uo

-1€ If

preserves All

£ ☆ Luo- wot- V90

I ↓
and we have ¢2 f

↓ + v0

I 1¥Al '

Then
,
we can apply

4f.PT ! Hi] (A) →*!) ! 9-A)

Is radiant ↓s

4f.PT#HuF(A)← (1%-1)*1 9-A)



•¥.

pi a- r
-

Ii I t.it

☆ £ Uo- wot- V90

I ↓- i -ñuᵗ+Éu◦I

A, ,
/

0

lpItnrE-Ci5@oDiCuIPpi.Ei"

Pf Icu

(A) !ÑR= ⊕ P [- indie]Them
a-c-IT

R°ñ

Rmf : U
°

is smooth become the fixed points

ofaÉ-ad on a smooth scheme will be

sweeter
.



Gluing (lite) :

¢ 2M G)- symplectic ⇒ d-aitl chats .

~ on

equivariant ' e'the
tclrx)=✗

R - ✗

Ii
U smooth ,

IR
,
U .

0 → Sar - iI é
Fye sheaf IR

,
v2 IR,uTU

5- ft Igf inch that dflr = 0 .

We have a sheaf S× on ✗

use Tff) ⇔ sr= ft Erie with

dflr -0

s is a d-aitid Stucke if finch see ✗

wecan find an étie neighborhood
such Thet

{ f-
t IR,P = SR

R= wit(f) .



Restriction of chats :

R
'
_ ¢

ampere
with

chats

↓ - ¢1S
✓
not enough

to

-
need stabilisation to compare charts

@ so, f. i) (S
,
V
,
9
, j )

S 2

upto e-the \

⇔w W
" "

(R
,
V ✗¢] f☒q

,
idol)≈_ (S,V✗¢g ☒9,6×14)

strident
gucdrete
for

dait'd scheme + finiteness conditions

⇒ critical virtue manifold .



② How to obtain C.V. M with equivariant
critical charts .

✗ C-1)- shifted symplectic
•with ¢*
action

.

I

¢
"
- invariant

d- cited chat

claim : Gren re ✗ ⇒ 7 affine d-énvawt
← e-thud .

Halter? ✓
R É U

9¢" -action can be*%→7ei
can be chosen ☆
mechThet

re Rciu 1- ¢

Sr = Lt ±,§

¥ʰ
: equivariant
critical chat

{df=◦
i(R)=aE(f)



claim 7 d- equruut upper bond

¢2
*

u V7

i.¥
F- upper

bond
-

need to
use
an

equvarut quadratic
fan (nettle

sTne



Donaldson Thomas in Aussois

Mytek_ : ongoing project
with

Benjamin & Julian Holstein
.

SOFI

the Gaye d- d) ✗ C- 1) shitted symplectic

derived scheme
.. locally ✗= daitff.nu)

syrup .

If 7 Lt L☒L≈ detox) then the
lie bindle

locally defined
Pu,f C- Perv ( ait (A)

glue to Pf
c- Park)

PL : : Joyce strategy only
works because :

① Perv is a discrete category

② no use of the derived
structure on✗

③ gluing by hand



what we want : general gluing Mechanism

that
① explains Joyce

② Works for other types of
local invariants ( Matrix )

factorychinsof singularities . _
this would

be another
week

steps : Vanishing cycles depends on

local model

S ≤ ✗

open

s ≈ daiT(y+, _
Teeth

Syvp
.

Idg :
look at the moduli space

of choices of local models .



Naive
.
consider The assignment

idea
'

guyeid
s ≤ ✗ 1- { s≈ dailyHaul

syrp
g :O- A"open

Problem : this is not even factoid because

{ s
'≤ daitlf, -(

if s
'

choice .

↑
Naren

{ s⇒ dcutlyt)
• ◦ {

5

Solution : Re- defined what we mean by
LG -pains :

(U , f) nwo (Ñ
:=aiTÑ

,
f)

~

/smooth fowl
sow south tofu

soon

develop
MT

clad dcutlf,4≈%duT(ñif)



Proof since Ñ -→u is étie
étde with the same

truncation

①
iso of derived

schemes - ☐

temple : Replue (Ai ,rthy ii.

claim : the assignmentgroupoid
s ≤ ✗ 1- { s = dart-

UIAi {
dart v.v

smooth
is Func . fulscheme

union¥
tension

-
ᵈ%fieMps

top
. of

Fikret
"

Pet:
s
'_✓fewl¥

open I
s ≈ dart - U

☐

Conclusion :what this
teach us is Thet not

only the assignment is fnctu
'd on s ≤ ×

opens , it also
works for étiemps SIX .



claim the assignment

{ T.it {→ ⇔gopids
smdlét . site

✗ e-T
S 1- / s¥pᵈñuU¥, /

is a stack .

we call it the Darboux stack of ✗

in

DIX

our Main strategy : Vanishing acts cast .

☆a€ construction is defined
without ambiguity as a morphism

of stacks on ✗éti



D_mb×#EK
or

stack of

perverse
sheers

on
✗

on each s ✗ , given by

Dyk (s)- PayG)
/ \

4 "

@ ⇒ dcutcsutai]
Pau (s )

syrup
v1

- Pie.HR?eTfp*
The Question is why dos it
descend to * = find object

in shiét)

D=b✗→PP±× (*)
¥ -

-
-

-

→
?



Mytalk_ : explain yet another

description of D=bx

and how
it also appears

in 4 folds( -21 shitted)

Benjamiitulh i Explain (A)

RMI: easy
to see why (*) is appealing :

can replace P by any
other type of

invariant

and glue .

Part I Derived Lagrangian foliations

Back to local models and to the

algebraic ( non- formal ease !)

s = dont (f)↳ U

C-c) symplectic u
F- Al

Stoffer



claim : the derived fibers of The inclusion

dcuT(f) is u
r

are lagnyims
'

.
.

Proof :
Relive = IT;
-

°

twyntcourt L ' h [*, I
i.To

tdu.im= ( %-) ¥0 ÉITU

what we need to show

Ti → Ident I Lldmtf't → Kik)
.

but ñi- Rofl] safanI(Geometricdu ant pop
i.14)

4- ≈ Tull]
" the composition is just ± . / gÉiÉ¥×

honesty → xÉ¥¥I
-

☐



Idc i think of the fibnsofi as a foliation

of ldaitcf. because the fibers are lagyim ,

this is a Lagyim foliation .

Recall in differential geometry ✗
Lit soyedve .
y

They we can consider

a foliation of ✗
5- : = / ÉG) ↳ c- Y

( not execs . >meth)

but we can actually Re IT by setting

% : = err
' if they are in the

same leaf .

claim : this construction meter sense in dgemety
but whet we get

duty,
is not U



but the fowl coupleHow daF(fY=u

-
exactly what we

needed to consider

for the futility
of the

Dnb_× .

Preposition
~ u

dñe dont (f)

Proof: Basher - Bitt / Carlsson .

Anothrimpatnntft :

Proposition the symplectic fun on dcntf

has a fancied exact structure

Proof : the symplectic form on dat (f)

comes fun the one of 70 , which is



exact because 8th lion 16 fun .

Finally
thm (Toén - Punter) 5- spec (A) C-D-symplectic

fuel
∅

{s=dñ-ñy- {
⇔ {✗{¥?i:|
structure

syrup .

u-Ai
" °

¥TYfT
-

Dn.BG)
/ of

s
daiiiu 1-

HER)
Fbs )
io ∅

Liu- Al
'

hi =% a- (& , F)

in

smooth
fund

scheme

L = ☆ - isotopic
stacte



Definition g an n - shifted derived
= stack

Sm

Dub ( S ) : = ExactG) ✗ Lagfol (
s)

Darboux lemme
⇒ ↳cd_hpty .

Exempt
• n= - I → Dab (5)≈ load .modes

◦n Dab (s) : = {✗ exact
street {+

Flag - frickin

Is
classical
Darboux
_
{ identification of {

s ≈ The
models
for ◦

-

shifted with its/5-

symplecticmanifolds
claim n=

• 2 Joyce
- Borisov

Dab (s) ≈ {
'°'d models g



skecth of proof :

#

skg⇒ : different
local ⇔

↳g-foliation
+ ixcctstuctie

models

I



Lagrangian distributions in C-2) - shifted steels

w) C- 2) - shifted symplectic

then locally we hove

⇐
1¥]:tou °

fait*

¥¥É
.

11 I

Eo = Ei

Eo = Ei

Ei=
-

non-degraded guchelic

form on E ,



⇒ Ix =L:|:Tv 2

n%É iagyians of it are necessary
in tu- amplitude cop] , but we can

Restrict to those that are : for instance

we can consider Kyrgios of the fan
another:L

:#E.EE/:i.#*i-
inthis case

P - f is a Lagrangian

in the bundle (E)9) ⇒ Elp= Ñ



I .

¥:¥¥¥¥
E=p"p

⇐

so Thet the data of a lagyin flitin gves
all [on]- foliation gvesuchapvrentdion



lI= [V - P⑦Ñ→ vv ]
¥

So we can ask whet is a mptism

of kgcyicn distributors :

Remote : 4 -112 - "✗ → Lie ,
b-kin- to , fever

!-ti. -→ bias
I

4
→ Lz

hs a neeteet

⇒ N carries a form

ÑG) → 0

1
⇒
ÑG/ G)= Nfl]

I
0 - WHEN ÑGI G) = N

"- n'in

✗



Taek # 16 (Benjamin)
✗ C-i) - symplectic

scheme
Re i

D-abxixe.it→ • - gpoids
s- { s ≈ daily-a

f-Ai }
syrp . ↑

affine
smooth/ fennel scheme .

isomphisrm
?
: + Used = ✗red

0 Fai
is

this commutativity Requires an homotopy because S is a

derived scheme :

Today how to give ?

Dab→→P Peek

If I > Poof .



gluing Dwb_x-P Eux
Mechanism
-

this
corporals

↳ a

i.
*
×

-

-

-

-

-

→

↑ global
section of

PIK
ie c- Peak)

"

Park)

Exempt : Milnor number

Daly- Ex

I
.

.

#
→

↑ global section

⇔ Behrends friction .

Main theorem lwe want to explain)

( KL - Brar - Bussi - Dupont
-Joyce

- stenohoi)

Given a square
root of Kx : = detflx)

then There exists a canonical factoyctin



Dadx-P Eux

g.
→

*
×

-

-

-

-

-

→

⇒ comparing
local models

↳ f- C- Dab (5) no @ ✗
AÑ
, f-+¥ - -+

✗E)
✗

can

add

variables and

addqnetdalic far

• Same Milner number

• only isomorphic perverse shares .

Po,f
≈ Pu ✗AT ,f+ rit . __ +×?

↑ 7
Non -

canonical .

◦ canonical isomorphism
dart (Usf) ≈ duet ( U✗Aiff+g)

Symplectic



I

cannot glue Pyf
without some coalitional

data
.

IN General

7
att

Quad
,
i = stuck on Xét of non-deg.

✓ quadratic bundles
does not

depend
on with compatible

den"fµdM flat connection

(A) 9,9 ons

⇒

Usf on S Speed = Used

then : can form % a non-dog . quad .

/ He
%iIheeton .

L bindle on u .

u

there is an action

Da_b×✗0±d×_ Dock



µ,f) , Q
°
1- (&"◦ teeth?y⇒q)

-

action of the Monoid
Quad,T
-

form of qvohote
bundles )

Ambiguity :

Pu,f
☒ P

Pdo ,f*+q F- agg

thorn -sebastiani

⇔" :(Pain,oei+ . - + xp)≈ H
"

'GY ¢)
eeoeait

☐ IS non-ᵈQ= AM, rit
- -+ ri

¢

Fix an orientation

for the circle .

Pai,,q is a line bindle on U with



transition factions in µ ≤ ¢5m
.

is a
guy_

bundle
-

÷Ér
i :

Itt Lt ↓ !
Dady ✗ Aged ?- PIK ✗ BMZ • ✗Buz

pojectonf faction 2ham-Sebastian
"

LL action
11

Iab × P_PIX
~

, *

↓ I
P /Dᵈˢa -

- -
-
- → P¥BM2→ */

g.[Kfuz, 2)in

stacks .

-

stack

classifying

M2 - grebes .

(principalbundles with)
Fbr B2

HIS
, KIM,4) EH?-+ (S,Ma)



Exemplars of a µ_

Gabe :

fix L a line bundle
.

÷::::
.

if we knew that we have a feectgctin

↓ I
'

P /Dᵈˢa -
- -
-
- → 1%92

*/
g.[Kfuz, 2)in

?stacks .

,

,

,

& -

-
-
→

-
is aµ

- gabe

then the composition

a trivialization of this gabe gres



i
*→ Pix /qu,
- Kfk, 2)

'

'g,mm"
og
Kx

£ is our pavese sheaf .

→ Rmd : Peck /guy
classifies twisted penne

sheaf .

the orientation data is necessary
to lift the

twist .Nowwewanttpioduce-tkfactz.am:

P

Dᵈˢa -
- -
-
- → P2

in

stacks .

.

.

-

-
-
→



Naiveida : Moore the

¥¥ea→
* is an

equivalence . Butthis is
not true

.

it'sthe ( BBDTS)

the action of Qadi
on Dtsx is transitive .

lie
,
the stalks of DI%→ are

Kneaded) .

"

Roofoidi
"

s
=
dont (f) c. a

f- AF

×
dont (g) - ✓ -8 Al

'

Everything is affine and Und = 5rad = Vned

Used =Sud
,

✓ funky swath

It



7 lifting
but itdoes not

g
✓
" Manali} commit

with frictions .
- to
I

can lodge to assume that the eems from the

ie
,
I Fo meh the To =D

then famagvechetibunde

Q = Fu ⑤TT with
V

canonical pairing .

here

U ☒df )

↓ £
"

this does not preserve
the fetus



✓ \→,¥→dosnñcommute .
ii.

tecnico part : using Lagcyicn foliations
:

idea
,
modify the friction and the

homatepis
s
- f
- v

lemma we can modify the lgragim

foliation structure coupendiy to s
- Ov

with friction gtg
so that euythiy

commutes .

S
✓

All

.



W no longer a priori here uedeti bindle

but dont (f)≈ S .

-

t formal Mate lemma : locally 4=1-+91
h=g+ 9g

WE Nvlw

WE NO /W

locally connected

D-abtfa.IE but it is not
contractible

.

-
Issue with :

there can be autenphisrs

so

✗ ≈ duet f - v - A1'

f

that do not come from autayhisns of



the Aucchdicbvndlle .

Etewple :

g.AT?=%2AidcuT(h-T,r3)csAT 2 / Y
\ AT Ethan

✗ (e) = rtyz

if (g) = yh where h=i-É×Fy4
-

exists became

✓ everything is
is an fowl .

ison
does not come from an auto nyhism of qvcdetc

fam .

idea : add a t :

he: = F-ÉF×y2-t→

4 is Ai -hometpic to the identity



claim Need to mod at
All -hanetpis

and Quadratic bundles .

the [BBDTS) any autmphirm

s- dart- y
f- At

It
any

4 is Ai- hanetopic to am autvplisrm of

the fun.

U ≈ Uo + Quohetc bindle

0 0
( if :) ne•

could (Dagg,)µ,
↳ • -toed

autonplisms .



this + locally connected implies that

c-≤ i #bland)ai)=*×

Back to our main Remelt:

Darkened
_

Phr/Bµz
Tie

I
⇐%, ,

-

'

"%" ' Aiinv .

↑ and

i 1-tinged
i

i

c-≤ i C) =*✗

and likethis we construct Px .

☐


